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Abstract—The activity is devoted to general aspects of the
integrability of dynamical systems with variable dissipation.
First, we propose a descriptive characteristic of such systems.
The term ‘variable dissipation” refers to the possibility of
alternation of its sign rather than to the value of the dissipation
coefficient (therefore, it is more reasonable to use the term *‘sign-
alternating’). Later, we define systems with variable dissipation
with zero (nonzero) mean based on the divergence of the vector
field of the system, which characterizes the change of the phase
volume in the phase space of the system considered.

I. INTRODUCTION

We introduce a class of autonomous dynamical systems with
one periodic phase coordinate possessing certain symmetries
that are typical for pendulum-type systems. We show that this
class of systems can be naturally embedded in the class of
systems with variable dissipation with zero mean, i.e., on the
average for the period with respect to the periodic coordinate,
the dissipation in the system is equal to zero, although in
various domains of the phase space, either energy pumping
or dissipation can occur, but they balance to each other in a
certain sense. We present some examples of pendulum-type
systems on lower-dimension manifolds from dynamics of a
rigid body in a nonconservative field.

I1. DEFINITION OF A SYSTEM WITH VARIABLE
DISSIPATION WITH ZERO MEAN

We study systems of ordinary differential equations having a
periodic phase coordinate. The systems under study have those
symmetries under which, on the average, for the period in the
periodic coordinates, their phase volume is preserved. So, for
example, the following pendulum-like system with smooth and
periodic in « of period T right-hand side V(a,w) of the form

a=-w+ fla),
w= g(Oé), f(Oé + T) = f(a)’ g(a + T) = g(a)7

preserves its phase area on the phase cylinder over the period
T:

T T
/ divV(a,w)da = / f(a)da = 0.
0 0
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The system considered is equivalent to the pendulum equa-
tion & — f'(a)& + g(«) = 0, in which the integral of the
coefficient f’(«) standing by the dissipative term ¢ is equal
to zero on the average for the period.

It is seen that the system considered has those symmetries
under which it becomes the so-called zero mean variable
dissipation system in the sense of the following definition (see
also [1], [2D.

Consider a smooth autonomous system of the (n + 1)th
order of normal form given on the cylinder R"{z} x S*{«
mod 27}, where « is a periodic coordinate of period 7" > 0.
The divergence of the right-hand side V(z, ) (which, in gen-
eral, is a function of all phase variables and is not identically
equal to zero) of this system is denoted by divV(z, a). This
system is called a zero (nonzero) mean variable dissipation
system if the function fOT divV(z, a)da is equal (not equal)
to zero identically. Moreover, in some cases (for example,
when singularities arise at separate points of the circle S'{a
mod 27}), this integral is understood in the sense of principal
value.

III. SYSTEMS WITH SYMMETRIES AND ZERO MEAN
VARIABLE DISSIPATION

Let us consider systems of the form (the dot denotes the

derivative in time)
& = fo(w,sinaq, cosa), o

Wi = fe(w,sina,cosa), k=1,...,n,

given on the set S'{a mod 27}\K x R"{w}, w =

(w1, ...,wy), where the smooth functions fy(u1,us,us), A =
a,1,...,n, of three variables w1, us,us are as follows:
In(=u1, —uz,u3) = —fa(ur, uz, us),
falur,uz, —uz) = fo(ur, uz, us), )
fk(uhUZ»_US) = —fk(uhuz,us),

herewith, the functions fy(u1,us,us) are defined for uz = 0
forany k =1,...,n.

The set K is either empty or consists of finitely many points
of the circle S*{a mod 27}.



The latter two variables u, and w3 in the functions
fa(ug,us2,us) depend on one parameter «, but they are allo-
cated into different groups because of the following reasons.
First, not in the whole domain, they are one-to-one expressed
through each other, and, second, the first of them is an odd
function and the second is an even function of «, which
influences the symmetries of system (1) in different ways.

To the system (1), let us put in correspondence the following
nonautonomous system

dwr  fr(w,sina, cos a)

k=1,...,n,

do folw,sina, cosa)’

which via the substitution 7 = sin «, reduces to the form
% _ fk(w’ 7, @k(T))

A folw, T, 9a(T))

oA(=T) =pA(T), A=a,1,...,n.

L k=1,....n, 3)

The latter system can have in particular an algebraic right-
hand side (i.e., it can be the ratio of two polynomials);
sometimes this helps us to find its first integrals in explicit
form.

The following assertion embeds the class of systems (1)
in the class of zero mean variable dissipation systems. The
inverse embedding does not hold in general.

Theorem 1: Systems of the form (1) are zero mean variable
dissipation dynamical systems.

This theorem is proved by using the certain symmetries (2)
of system (1) only, listed above, and uses the periodicity of
the right-hand side of the system on a.

The converse assertion is not true in general since we can
present a set of dynamical systems on the two-dimensional
cylinder, being zero mean variable dissipation systems that
have none of the above-listed symmetries.

In this work, we are mainly concerned with the case

where the functions fy(w,7,¢r(7)) (A = «,1,...,n) are
polynomials in w, 7.
For example, to the following system
& = —2z9 + bsinaq,
. . scosSQ cos o “4)
Zyg =sinacosa — 2] ——, 21 = 2122a——,
sin v sin a

with parameter b, considered in the three-dimensional domain
S'Y{a mod 27} \{a =0,a =7} x R*{z1,20} (5)

(such a system can also be reduced to an equivalent system
on the tangent bundle T, S? of the two-dimensional sphere S?)
and describing the spatial motion of a rigid body in a resisting
medium (see [1], [3]), we put in correspondence the following
nonautonomous system with algebraic right-hand side: (7 =
sin «):

T—22/1 dz

dzo z2122/T
T _TTAT I AR (©6)
dr —zo + b7’ dT —2o + b1
It is seen that system (4) is a zero mean variable dissipation
system; in order to achieve complete correspondence with the

definition, it suffices to introduce a new phase variable 2] =
In |21].

If we calculate the divergence of the right-hand side of the
system (4) in Cartesian coordinates «, 27, 22, then we shall
get that it is equal to b cos «. Herewith, if we consider (5), we
shall have in the sense of principal value:
2T —e

bcosa = 0.

m—E
lim

bcosa + lim
e—0 e e—0

T+e

Moreover, the system (4) has two first integrals (i.e., a com-
plete list) that are transcendental functions and we expressed
through a finite combination of elementary functions (see [1],
[4]), which, as was mentioned above, becomes possible after
putting in correspondence to it a (nonautonomous in general)
system of equations with algebraic (polynomial) right-hand
(6).

The above-presented system (4), along with the property
that they belong to the class of systems (1) and are zero
mean variable dissipation systems, also have a complete list
of transcendental first integrals expressed through a finite
combination of elementary functions.

Therefore, to search for the first integrals of the system
considered, it is better to reduce systems of the form (1)
to systems (3) with polynomial right-hand sides, on whose
form the possibility of integration in elementary functions of
the initial system depends. Therefore, we proceed as follows:
we seek sufficient conditions for integrability in elementary
functions of systems of equations with polynomial right-
hand sides studying systems of the most general form in this
process.

IV. SYSTEMS ON TANGENT BUNDLE OF
TwO-DIMENSIONAL SPHERE

Let consider the following dynamic system

é—&—bécos@—f—sin@cos@—ifsme =0
cosf

1 29 )
4+ cos ] 0

¥+ b cos O + 01 [ -
sin  cos 0

on tangent bundle 7,S? of two-dimensional sphere S2{6,1}.

This system describes the spherical pendulum, placed in the

accumulating medium flow (see also [1], [5]). Herewith, both

conservative moment is present in the system sin # cosf, and

the force moment depending on the velocity as linear one with

the variable coefficient: b < Z cos .

The coefficients remaining in the equations are the coeffi-
: : 0 _ _ sind % _ 14cos>6
cients of connectedness, i.e., I‘ww = —os0 rew = Sn0co0
The system (7) has an order 3 practically, since the variable
1) is a cyclic, herewith, the derivative 1) is present in the system
only.

Theorem 2: The equation
=0 ®)

define the family of integral planes for the system (7).




Furthermore, the equation (8) reduces the system (7) to an
equation describing the cylindric pendulum which placed in
the accumulating medium flow (see also [1], [6]).

Theorem 3: The system (7) is equivalent to the following
system:

0 = —z5 +bsinf, Zy =sinfcosf — zfc_&,
sin 0
9
. cos cos
21 = R122 ;> ¢ =21
sin 6 sin 6

on the tangent bundle T,S?{z1, 22,0, } of two-dimensional
sphere S2{0,}.

Moreover, the first three equations of the system (9) form
the closed three order system and coincide with the equations
of the system (4) (if we denote o = 6). The separation of
fourth equation of the system (9) has also occurred by the
reason of cyclicity of the variable 1.

V. CERTAIN GENERALIZATIONS

Let us pose the following question: What are the possibili-
ties of integrating in elementary functions the system

dz  ax+by+cz+c12?/x+ cozy/x + csy? [a

dz dix+ey+ fz

. . 9 ) g (10)
dy gz +hy+iz+iz?/z+isey/a +isy?/x
de dix+ey+ fz ’

of a more general form, which includes the system (6) con-
sidered above in three-dimensional phase domains and which
has a singularity of the form 1/x?

Previously, a number of results concerning this question
were already obtained (see also [1]). Let us present these
results and complement them by original arguments.

As previously, introducing the substitutions y = ux, z =
vz, we obtain that system (10) reduces to the following system

v +
r— +v=
dx
ar + bux + cvx + clvzx + covux + 03u2m

= 11
dix + eux + fox ’ an

.
Xr— u =
dx

gz + huz + vz + 1103 + igvux + isulc
N dix + euxr + fox
we put in correspondence the following equation with alge-
braic right-hand side:

; 12)

dv

@ =
_atbutcv+ c1v? + covu + czu® — v[dy + eu + f]
g+ hu v+ 02+ igvu + dzu? — uldy + eu + fo]’
The integration of the latter equation reduces to that of the
following equation in total differentials:

[g + hu + iv + i10% + iyvut
+izu® — dyu — eu® — fuv]dv =
=la+bu+cv+ 10?4 cqvut

+ csu® — dyv — euv — fo*]du.

13)

We have (in general) a 15-parameter family of equations of
the form (13). To integrate the latter identity in elementary
functions as a homogeneous equation, it suffices to impose
seven relations

g=0,i1=0,4=0, e=co, h=c¢, ia=2c1 — f. (14)

Introduce nine parameters 31, ..., B9 and consider them as

independent parameters:

Blzaa ﬁ2:b7 /83207 642017 652027
Be = c3, Br=di, Bz = f, Bo = i3.

Therefore, under the group of conditions (14), and (15), Eq.
(13) reduces to the form

dv  Bi+ Pou+ (Bs — Br)v + (Ba — Bs)v® + Peu®

15)

du™ (B Bryu+ 2081 — Boyout (Bo— Bz
and the system (11), (12), respectively, to the form
dv
T =
_ ButBou+ (B3 = Br)v+ (Ba — Bs)v® + Peu? (17
Br + Bsu + Bsv ’
CC (B3 — Br)u + 2(Ba — Bs)vu + (B — 55)“2’ (18)

dr B7 + Psu + Bgv

after that, the equation (16) is integrated in finite combination
of elementary functions.
Indeed, integrating the identity (13), we obtain the relation

d {(53 - ﬂ””] +d [(54 ‘uﬂg)”z} d[(Bo—fs)o] +d [m _

U
—d[B2In|ul|] — d[Bsu] = 0,

which for the beginning allows us to obtain the following
invariant relation:

(B3 — Br)v n (Ba

u

_ 2
BeJv + (Bo — B5)v + _
u u

—B21n |u| — fsu = Cy = const, (19)

and in the coordinates (x,y, z), it allows us to obtain the first
integral in the form

(81— Bs)2* = Boy® + (B3 — Br)zx + (By — B5)2y + fra®
YT

—B,In ‘ %‘ — const. (20)

Therefore, we can make a conclusion about the integrability
in elementary functions of the following, in general, noncon-
servative third-order system depending on nine parameters:

dz

—=

_ Brr+ Boy + Baz+ Paz?/x + Bszy/x + Bey?/x
B Brx + Bsy + Bsz ’
dy B3y + (284 — Bg)zy/x + Boy? [z

de Brr + Bsy + Bsz '



Corollary. The third-order system

& = fBrsina + fBsz1 + By,
Zo = B sinacos a + PBaz1 cosa + (329 cos a+

5COS (¢ cos & 4COS ¢ 21
+ Bazg — + Bs52122— + Bezi ——, @D
S1n &« S1n &« S &
. cos o 9 COS &
71 = Pzzrcosa+ (284 — By)z1ze—— + Pozi ——,
Sin &« S1n &«

on the set
S'{a mod 27}\{a = 0,a = 7} x R*{21, 23},

which depends on nine parameters, has a first integral, which
is in general transcendental and expressed through elementary
functions:

A

21 sin o
A= (B — fs)7s — et +
+(B3 — Br)zasina + (B — P5)2z221 + B1sin? .

In particular, for 81 =1, B2 = 3 = B4 = 85 = Bo = 0,

B¢ = Bs = —1, B7 = b system (21) reduces to system (4).
To find the additional first integral of the nonautonomous
system (10), we use the found first integral (20), which is ex-

pressed through a finite combination of elementary functions.
For the beginning let transform the relation (19) as follows:

(Bs—Bs)v* +[(Bo — Bs)u + (Bs — Br)] v+ f1(u) =0, (23)

where

z

— fB21n ‘ 1@‘ = const, 22)

sin

fi(u) = B1 — Beu? — Bouln lu| — Chu.

Herewith, the value v formally can be found from the
equality

’l)l,g(u) =
1

= m {(55 — Bo)u+ (Br — B3) £ fg(u)} , (24)

where
Folu) = Ay + Agu + Agu® + Aguln Ju],
A = (B3 = Br)* — 4B1(Ba — Bs),
Ao =2(By — B5)(Bs — Br) +4C1(Bs — Bs),
Az = (B — B5)° +4B6(Ba — Bs), As = 4B2(Bs — Bs).

Then the quadrature studied for the search of additional
(in general) transcendental first integral (for example, of the
system (17), (18), herewith, the equation (18) is used) has the
following form

dx
x

_ / (87 + Bsu + Bgvi 2 (u)]du _
(B3 — Br)u+ (By — Bs)u® + 2(Bs — Ps)uvy 2(u)

_ / [B1 4+ Bou + B3/ fa(u)]du 25)
B4U\/ fg(u) ’

By, =const, k =1,...,4. And the quadrature studied for the
search of additional (in general) transcendental first integral

(for example, of the system (17), (18), herewith, the equation
(17) is used) has the following form

/dxﬁ _ / 67 + 55“(;) + ﬁgv]dv7

B = B+ Bou(v) + (B3 — Br)v + (Bs — Bs)v” + Beu®(v),

herewith, the function u(v) should be obtain as a result of
resolving of implicit equation (19) respectively to u (that, in
general case, is not always evident).

Theorem 4: The indefinite integral in (25) is expressed
through the finite combination of elementary functions for
Ay =0, i.e., either

P2 =0 (26)
or B4 = Ps.

Theorem 5: The system (21) under assumption of necessary
conditions of theorem 4 (the property (26) holds in given case),
has the compete set of first integrals, which expressing through
the finite combination of elementary functions.

Therefore, the dynamical systems considered in this work
refer to zero mean variable dissipation systems in the existing
periodic coordinate, and such systems often have a complete
list of first integrals expressed through elementary functions.

VI. CONCLUSION

So, it was shown above the certain cases of complete
integrability in spatial dynamics of a rigid body motion in
a nonconservative field. Herewith, we dealt with with three
properties, which are independent for the first glance: (i)
the distinguished class of systems (1) with the symmetries
above; (ii) the fact that this class of systems consists of
systems with zero mean variable dissipation (in the variable «),
which allows us to consider them as “almost” conservative
systems; (iii) in certain (although lower-dimensional) cases,
these systems have the complete tuple of first integrals, which
are transcendental (from the viewpoint of complex analysis).
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