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Ñ ÄÈÑÑÈÏÀÖÈÅÉ

Ïîêàçàíà èíòåãðèðóåìîñòü êëàññîâ îäíîðîäíûõ ïî ÷àñòè ïåðåìåííûõ äèíàìè÷åñêèõ ñè-
ñòåì ïðîèçâîëüíîãî íå÷åòíîãî ïîðÿäêà, â êîòîðûõ âûäåëÿåòñÿ ñèñòåìà íà êàñàòåëüíîì
ðàññëîåíèè ê ãëàäêîìó êîíå÷íîìåðíîìó ìíîãîîáðàçèþ. Ïðè ýòîì ñèëîâûå ïîëÿ îáëàäàþò
äèññèïàöèåé ðàçíîãî çíàêà. Áèáëèîãðàôèÿ: 6 íàçâ.

Â íàñòîÿùåé ðàáîòå ïîäâîäèòñÿ èòîã èññëåäîâàíèÿì àâòîðà (ñì., íàïðèìåð, [1]�[4] è áèáëèî-
ãðàôèþ òàì æå) èíòåãðèðóåìûõ îäíîðîäíûõ äèíàìè÷åñêèõ ñèñòåì ñ äèññèïàöèåé. Â ÷àñòíîñòè,
íà îñíîâå èçó÷åííûõ ðàíåå ÷àñòíûõ ñëó÷àåâ ñèñòåì òðåòüåãî, ïÿòîãî [3] è ñåäüìîãî, äåâÿòîãî
ïîðÿäêà [4] óäàëîñü ðàçðàáîòàòü îáùèé ïîäõîä ê èññëåäîâàíèþ èíòåãðèðóåìûõ îäíîðîäíûõ ïî
÷àñòè ïåðåìåííûõ äèíàìè÷åñêèõ ñèñòåì ñ äèññèïàöèåé ïðîèçâîëüíîãî íå÷åòíîãî ïîðÿäêà.

1. Ñèñòåìû áåç âíåøíåãî ñèëîâîãî ïîëÿ

Ïóñòü v, α, β = (β1, . . . , βn−1), z = (z1, . . . , zn) � ôàçîâûå ïåðåìåííûå â ñèñòåìå, ïðàâûå
÷àñòè êîòîðîé ñóòü îäíîðîäíûå ïîëèíîìû ñòåïåíè 2 ïî ïåðåìåííûì v, z ñ êîýôôèöèåíòàìè,
çàâèñÿùèìè îò α, β. Âûáèðàÿ â êà÷åñòâå âðåìåíè ïåðåìåííóþ q (dq = vdt, d/dq = 〈 ′ 〉, v 6= 0),
áóäåì ðàññìàòðèâàòü ñèñòåìó (2n+ 1)-ãî ïîðÿäêà

v′ = Ψ(α,Z)v, (1.1)

α′ = −Zn + b(Z2
1 + . . .+ Z2

n)δ(α),

Z ′
n = Γα

11(α, β)f
2
1 (α)Z

2
n−1 + Γα

22(α, β)f
2
2 (α)g

2
1(β1)Z

2
n−2 + . . .

+ Γα
n−1,n−1(α, β)f

2
n−1(α)g

2
n−2(β1)h

2
n−3(β2) . . . i

2
1(βn−2)Z

2
1 − ZnΨ(α,Z),

Z ′
n−1 = [2Γ1

α1(α, β) +Df1(α)]Zn−1Zn − Γ1
22(α, β)

f2
2 (α)

f1(α)
g21(β1)Z

2
n−2 − . . .

− Γ1
n−1,n−1(α, β)

f2
n−1(α)

f1(α)
g2n−2(β1)h

2
n−3(β2) . . . i

2
1(βn−2)Z

2
1 − Zn−1Ψ(α,Z), (1.2)
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Z ′
2 = [2Γn−2

α,n−2(α, β) +Dfn−2(α)]Z2Zn − [2Γn−2
1,n−2(α, β) +Dgn−3(β1)]f1(α)Z2Zn−1 − . . .

− [2Γn−2
n−3,n−2(α, β) +Dr1(βn−3)]fn−3(α)gn−4(β1)hn−5(β2) . . . s1(βn−4)Z2Z3

− Γn−2
n−1,n−1(α, β)

f2
n−1(α)

fn−2(α)

g2n−2(β1)

gn−3(β1)

h2
n−3(β2)

hn−4(β2)
. . .

r22(βn−3)

r1(βn−3)
i21(βn−2)Z

2
1 − Z2Ψ(α,Z),

Z ′
1 = [2Γn−1

α,n−1(α, β) +Dfn−1(α)]Z1Zn − [2Γn−1
1,n−1(α, β) +Dgn−2(β1)]f1(α)Z1Zn−1

− [2Γn−1
2,n−1(α, β) +Dhn−3(β2)]f2(α)g1(β1)Z1Zn−2 − . . .− [2Γn−1

n−2,n−1(α, β)

+Di1(βn−2)]fn−2(α)gn−3(β1)hn−4(β2) . . . r1(βn−3)Z1Z2 − Z1Ψ(α,Z),

β′
1 = Zn−1f1(α),

β′
2 = Zn−2f2(α)g1(β1),

β′
3 = Zn−3f3(α)g2(β1)h1(β2),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

β′
n−1 = Z1fn−1(α)gn−2(β1)hn−3(β2) . . . i1(βn−2),

ãäå
Ψ(α,Z) = −b(Z2

1 + . . .+ Z2
n)δ̃(α), δ̃(α) =

dδ(α)

dα
, DQ(w) =

d ln |Q(w)|
dw

,

Z = (Z1, . . . , Zn), zs = Zsv, s = 1, . . . , n, b > 0, δ(α), fk(α), k = 1, . . . , n− 1, gl(β1), l = 1, . . . , n− 2,
hm(β2), m = 1, . . . , n− 3, . . ., i1(βn−2) � ãëàäêèå ôóíêöèè, êàê ñèñòåìó ïðè îòñóòñòâèè âíåøíåãî
ïîëÿ ñèë. Ïðè ýòîì óðàâíåíèå (1.1) îòäåëÿåòñÿ, ÷òî äàåò âîçìîæíîñòü ðàññìàòðèâàòü óðàâíåíèÿ
(1.2) â êà÷åñòâå íåçàâèñèìîé ñèñòåìû (ñ n ñòåïåíÿìè ñâîáîäû) íà 2n-ìåðíîì ìíîãîîáðàçèè

N2n{Zn, . . . , Z1;α, β1, . . . , βn−1} = TMn{Zn, . . . , Z1;α, β1, . . . , βn−1}
(êàñàòåëüíîì ðàññëîåíèè ãëàäêîãî n-ìåðíîãî ìíîãîîáðàçèÿ Mn{α, β1, . . . , βn−1}).

Ðàññìîòðèì ñòðóêòóðó ñèñòåìû (1.2). Îíà ñîîòâåòñòâóåò ñëåäóþùèì óðàâíåíèÿì ãåîäåçè÷å-
ñêèõ ëèíèé (ãäå òî÷êîé, äëÿ ïîðÿäêà, îáîçíà÷åíî äèôôåðåíöèðîâàíèå ïî íàòóðàëüíîìó ïàðà-
ìåòðó) íà êàñàòåëüíîì ðàññëîåíèè TMn{α̇, β̇1, . . . , β̇n−1;α, β1, . . . , βn−1} ãëàäêîãî ìíîãîîáðàçèÿ
Mn{α, β1, . . . , βn−1} (â ÷àñòíîñòè, ñôåðû, áîëåå îáùèõ ïîâåðõíîñòåé âðàùåíèÿ è ò.ä. � ñ n(n−1)
íåíóëåâûìè êîýôôèöèåíòàìè ñâÿçíîñòè):

α̈+ Γα
11(α, β)β̇

2
1 + . . .+ Γα

n−1,n−1(α, β)β̇
2
n−1 = 0,

β̈1 + 2Γ1
α1(α, β)α̇β̇1 + Γ1

22(α, β)β̇
2
2 + . . .+ Γ1

n−1,n−1(α, β)β̇
2
n−1 = 0,

β̈2 + 2Γ2
α2(α, β)α̇β̇2 + 2Γ2

12(α, β)β̇1β̇2 + Γ2
33(α, β)β̇

2
3 + . . .+ Γ2

n−1,n−1(α, β)β̇
2
n−1 = 0,

β̈3 + 2Γ3
α3(α, β)α̇β̇3 + 2Γ3

13(α, β)β̇1β̇3 + 2Γ3
23(α, β)β̇2β̇3

+ Γ3
44(α, β)β̇

2
4 + . . .+ Γ3

n−1,n−1(α, β)β̇
2
n−1 = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

β̈n−2 + 2Γn−2
α,n−2(α, β)α̇β̇n−2 + 2Γn−2

1,n−2(α, β)β̇1β̇n−2 + . . .

+ 2Γn−2
n−3,n−2(α, β)β̇n−3β̇n−2 + Γn−2

n−1,n−1(α, β)β̇
2
n−1 = 0,

β̈n−1 + 2Γn−1
α,n−1(α, β)α̇β̇n−1 + 2Γn−1

1,n−1(α, β)β̇1β̇n−1 + . . .+ 2Γn−1
n−2,n−1(α, β)β̇n−2β̇n−1 = 0.

(1.3)

Äåéñòâèòåëüíî, âûáðàâ êîîðäèíàòû Z1, . . ., Zn â êàñàòåëüíîì ïðîñòðàíñòâå â âèäå
α′ = −Zn,

β′
1 = Zn−1f1(α),

β′
2 = Zn−2f2(α)g1(β1), (1.4)
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β′
3 = Zn−3f3(α)g2(β1)h1(β2),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

β′
n−1 = Z1fn−1(α)gn−2(β1)hn−3(β2) . . . i1(βn−2),

ïîëó÷àåì ñîîòíîøåíèÿ (ñì. (1.2))

Z ′
1 = [2Γn−1

α,n−1(α, β) +Dfn−1(α)]Z1Zn − [2Γn−1
1,n−1(α, β) +Dgn−2(β1)]f1(α)Z1Zn−1

− [2Γn−1
2,n−1(α, β) +Dhn−3(β2)]f2(α)g1(β1)Z1Zn−2 − . . .

− [2Γn−1
n−2,n−1(α, β) +Di1(βn−2)]fn−2(α)gn−3(β1)hn−4(β2) . . . r1(βn−3)Z1Z2,

Z ′
2 = [2Γn−2

α,n−2(α, β) +Dfn−2(α)]Z2Zn − [2Γn−2
1,n−2(α, β) +Dgn−3(β1)]f1(α)Z2Zn−1 − . . .

− [2Γn−2
n−3,n−2(α, β) +Dr1(βn−3)]fn−3(α)gn−4(β1)hn−5(β2) . . . s1(βn−4)Z2Z3

− Γn−2
n−1,n−1(α, β)

f2
n−1(α)

fn−2(α)

g2n−2(β1)

gn−3(β1)

h2
n−3(β2)

hn−4(β2)
. . .

r22(βn−3)

r1(βn−3)
i21(βn−2)Z

2
1 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Z ′
n−1 = [2Γ1

α1(α, β) +Df1(α)]Zn−1Zn − Γ1
22(α, β)

f2
2 (α)

f1(α)
g21(β1)Z

2
n−2 − . . .

− Γ1
n−1,n−1(α, β)

f2
n−1(α)

f1(α)
g2n−2(β1)h

2
n−3(β2) . . . i

2
1(βn−2)Z

2
1 ,

Z ′
n = Γα

11(α, β)f
2
1 (α)Z

2
n−1 + Γα

22(α, β)f
2
2 (α)g

2
1(β1)Z

2
2 + . . .

+ Γα
n−1,n−1(α, β)f

2
n−1(α)g

2
n−2(β1)h

2
n−3(β2) . . . i

2
1(βn−2)Z

2
1 ,

(1.5)

ïðè ýòîì óðàâíåíèÿ (1.3) ïî÷òè âñþäó ýêâèâàëåíòíû ñîâîêóïíîñòè (1.4), (1.5), êîòîðàÿ ïðèñóò-
ñòâóåò â ñèñòåìå (1.2). Äàëåå, â ñèñòåìå (1.2) òàêæå ïðèñóòñòâóþò êîýôôèöèåíòû ïðè ïàðàìåòðå
b > 0. Îäíàêî îíè íå íàðóøàþò êîíñåðâàòèâíîñòè, ïîñêîëüêó ñèñòåìà (1.1), (1.2) ïðè íåêîòîðûõ
åñòåñòâåííûõ óñëîâèÿõ îáëàäàåò ïîëíûì íàáîðîì ãëàäêèõ ïåðâûõ èíòåãðàëîâ, à èìåííî, n + 2
ïåðâûõ èíòåãðàëîâ, êàê áóäåò ïîêàçàíî íèæå.

Ïðåäëîæåíèå 1.1. Åñëè âñþäó íà ñâîåé îáëàñòè îïðåäåëåíèÿ ñïðàâåäëèâà ñèñòåìà ðà-
âåíñòâ

2Γ1
α1(α, β) +Df1(α) + Γα

11(α, β)f
2
1 (α) ≡ 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2Γn−1
α,n−1(α, β) +Dfn−1(α) + Γα

n−1,n−1(α, β)f
2
n−1(α)g

2
n−2(β1)h

2
n−3(β2) . . . i

2
1(βn−2) ≡ 0,

[2Γ2
12(α, β) +Dg1(β1)]f

2
1 (α) + Γ1

22(α, β)f
2
2 (α)g

2
1(β1) ≡ 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

[2Γn−1
1,n−1(α, β) +Dgn−2(β1)]f

2
1 (α)

+ Γ1
n−1,n−1(α, β)f

2
n−1(α)g

2
n−2(β1)h

2
n−3(β2) . . . i

2
1(βn−2) ≡ 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

[2Γn−1
n−2,n−1(α, β) +Di1(βn−2)]f

2
n−2(α)g

2
n−3(β1)h

2
n−4(β2) . . . r

2
1(βn−3)

+ Γn−2
n−1,n−1(α, β)f

2
n−1(α)g

2
n−2(β1)h

2
n−3(β2) . . . i

2
1(βn−2) ≡ 0,

(1.6)

òî ñèñòåìà (1.1), (1.2) èìååò àíàëèòè÷åñêèé ïåðâûé èíòåãðàë âèäà

Φ1(v;Zn, . . . , Z1) = v2(Z2
1 + . . .+ Z2

n) = C2
1 = const . (1.7)
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Äîêàçàòåëüñòâî. Äëÿ ïðîñòîòû äîêàçàòåëüñòâî ïðîâåäåì äëÿ ñëó÷àÿ n = 3. Äèôôåðåíöè-
ðîâàíèå (1.7) â ñèëó ñèñòåìû (1.1), (1.2) äàåò

2v2
[
2Γ1

α1(α, β) +
d ln |f1(α)|

dα
+ Γα

11(α, β)f
2
1 (α)

]
Z2
2Z3

+ 2v2
[
2Γ2

α2(α, β) +
d ln |f2(α)|

dα
+ Γα

22(α, β)f
2
2 (α)g

2(β1)
]
Z2
1Z3

+ 2v2
[[
2Γ2

12(α, β) +
d ln |g(β1)|

dβ1

]
f2
1 (α) + Γ1

22(α, β)f
2
2 (α)g

2(β1)
]
Z2
1Z2 ≡ 0,

ïîñêîëüêó âûïîëíåíû (1.6). ¤

Äàëåå, áóäåì ïðåäïîëàãàòü, ÷òî â (1.4) âûïîëåííû óñëîâèÿ
f1(α) = . . . = fn−1(α) = f(α), (1.8)

ïðè ýòîì gl(β1), l = 1, . . . , n − 2, hm(β2), m = 1, . . . , n − 3, . . ., i1(βn−2), óäîâëåòâîðÿþò ïðåîáðà-
çîâàííûì óðàâíåíèÿì èç (1.6):

2Γ2
12(α, β) +Dg1(β1) + Γ1

22(α, β)g
2
1(β1) ≡ 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2Γn−1
1,n−1(α, β) +Dgn−2(β1) + Γ1

n−1,n−1(α, β)g
2
n−2(β1)h

2
n−3(β2) . . . i

2
1(βn−2) ≡ 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2Γn−1
n−2,n−1(α, β) +Di1(βn−2)g

2
n−3(β1)h

2
n−4(β2) . . . r

2
1(βn−3)

+ Γn−2
n−1,n−1(α, β)g

2
n−2(β1)h

2
n−3(β2) . . . i

2
1(βn−2) ≡ 0.

(1.9)

Òàêèì îáðàçîì, ôóíêöèè gl(β1), l = 1, . . . , n − 2, hm(β2), m = 1, . . . , n − 3, . . ., i1(βn−2) ïîêà
çàâèñÿò îò êîýôôèöèåíòîâ ñâÿçíîñòè ÷åðåç ñèñòåìó (1.9), à îãðàíè÷åíèÿ íà ôóíêöèþ f(α) áóäóò
äàíû íèæå.

Ïðåäëîæåíèå 1.2. Åñëè âûïîëíåíû (1.8), (1.9) è
Γ1
α1(α, β) = . . . = Γn−1

α,n−1(α, β) = Γ1(α), (1.10)
òî ñèñòåìà (1.1), (1.2) èìååò ãëàäêèé ïåðâûé èíòåãðàë

Φ2(v;Zn−1, . . . , Z1;α) = v2
√
Z2
1 + . . .+ Z2

n−1δ(α) = C2 = const, (1.11)
ïðè ýòîì

δ(α) = A1f(α) exp

{
2

α∫

α0

Γ1(b)db

}
, A1 = const . (1.12)

Äîêàçàòåëüñòâî. Äëÿ ïðîñòîòû äîêàçàòåëüñòâî ïðîâåäåì äëÿ ñëó÷àÿ n = 3. Áóäåì èñêàòü
ïåðâûé èíòåãðàë â âèäå v2

√
Z2
1 + Z2

2Φ0(α). Äèôôåðåíöèðîâàíèå ïîñëåäíåé ôóíêöèè â ñèëó ñè-
ñòåìû (1.1), (1.2) äàåò

v2
{[

2Γ1(α) +
d ln |f(α)|

dα

]
Φ0(α)− dΦ0(α)

dα

}
Z3

√
Z2
1 + Z2

2

− v2b
√
Z2
1 + Z2

2 (Z
2
1 + Z2

2 + Z2
3 )
[dδ(α)

dα
Φ0(α)− δ(α)

dΦ0(α)

dα

]
.

×òîáû ýòà ïðîèçâîäíàÿ òîæäåñòâåííî ðàâíÿëàñü íóëþ, äîñòàòî÷íî, ÷òîáû ôóíêöèÿ Φ0(α) óäî-
âëåòâîðÿëà îáûêíîâåííîìó óðàâíåíèþ

dΦ0(α)

dα
=

[
2Γ1(α) +

d ln |f(α)|
dα

]
Φ0(α)

è
dδ(α)

dα
Φ0(α) ≡ δ(α)

dΦ0(α)

dα
.
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Íî äëÿ ýòîãî, â ñâîþ î÷åðåäü, äîñòàòî÷íî, ÷òîáû áûëî âûïîëíåíî (1.12) è ôóíêöèè Φ0(α) è δ(α)
áûëè ðàâíû ñ òî÷íîñòüþ äî ìíîæèòåëÿ. ¤

Àíàëîãè÷íûì îáðàçîì äîêàçûâàåòñÿ ñëåäóþùåå óòâåðæäåíèå.
Ïðåäëîæåíèå 1.3. Åñëè âûïîëíåíû óñëîâèÿ ïðåäëîæåíèÿ 1.2 è

g1(β1) = . . . = gn−2(β1) = g(β1), (1.13)
ïðè ýòîì

Γ2
12(α, β) = . . . = Γn−1

1,n−1(α, β) = Γ2(β1), (1.14)
òî ñèñòåìà (1.1), (1.2) èìååò ãëàäêèé ïåðâûé èíòåãðàë

Φ3(v;Zn−2, . . . , Z1;α, β1) = v2
√
Z2
1 + . . .+ Z2

n−2δ(α)Ψ1(β1) = C3 = const, (1.15)
ãäå

Ψ1(β1) = g(β1) exp

{
2

β1∫

β10

Γ2(b)db

}
.

Áëàãîäàðÿ ïðåäëîæåíèÿì 1.2, 1.3 ïîëó÷åíû äâà ïåðâûõ èíòåãðàëà. Äàëåå, ðàññóæäàÿ ïî
èíäóêöèè, óñòàíàâëèâàåì àíàëîãè÷íûå ïðåäëîæåíèÿ (äëÿ óäîáñòâà èñïîëüçóåì ìíîãîòî÷èå ïðè
ññûëêàõ íà ýòè ïðåäëîæåíèÿ) è ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ, êîòîðîå çàâåðøàåò ïî-
ñòðîåíèå íàáîðà n ïåðâûõ èíòåãðàëîâ.

Ïðåäëîæåíèå 1.4. Åñëè âûïîëíåíû óñëîâèÿ ïðåäëîæåíèé 1.2, 1.3, . . ., ïðè ýòîì
Γn−1
n−2,n−1(α, β) = Γn−1(β2), (1.16)

òî ñèñòåìà (1.1), (1.2) èìååò ãëàäêèé ïåðâûé èíòåãðàë
Φn(v;Z1;α, β1, . . . , βn−2) = v2Z1δ(α)Ψ1(β1) . . .Ψn−2(βn−2) = Cn = const, (1.17)

ãäå

Ψn−2(βn−2) = i1(βn−2) exp

{
2

βn−2∫

βn−2,0

Γn−1(b)db

}
.

Ïðåäëîæåíèå 1.4 äîêàçûâàåòñÿ ïðÿìûì äèôôåðåíöèðîâàíèåì ôóíêöèè (1.17).
Ïðåäëîæåíèå 1.5. Ïóñòü âûïîëíåíû ñâîéñòâà (1.8), (1.13), . . ., íèâåëèðóþùèå èíäåêñû ó

ôóíêöèé fk(α), k = 1, . . . , n− 1, gl(β1), l = 1, . . . , n− 2, hm(β2), m = 1, . . . , n− 3, . . ., i1(βn−2), à
òàêæå

Γα
11(α, β) = Γα

22(α, β)g
2(β1) = . . . = Γα

n−1,n−1(α, β)g
2(β1)h

2(β2) . . . = Γn(α). (1.18)
Òîãäà ñèñòåìà (1.1), (1.2) èìååò ãëàäêèé ïåðâûé èíòåãðàë

Φ0(v;Zn;α) = v2(1− 2bZnδ(α)) = C0 = const, (1.19)
åñëè

δ(α) = A2 exp

{
−

α∫

α0

Γn(b)f
2(b)db

}
, A2 = const .

Â ÷àñòíîñòè, åñëè âûïîëíåíû (1.6), (1.8), (1.10), (1.12), (1.13), (1.18), òî ñèñòåìà (1.1), (1.2)
èìååò ãëàäêèé ïåðâûé èíòåãðàë âèäà (1.19).

Ïðåäëîæåíèå 1.6. Åñëè âûïîëíåíû óñëîâèÿ ïðåäëîæåíèé 1.3, . . ., 1.4, òî ñèñòåìà (1.1),
(1.2) èìååò ãëàäêèé ïåðâûé èíòåãðàë

Φn+1(βn−2, βn−1, Cn−1, Cn) = βn−1 +

βn−2∫

βn−2,0

Cni(b)√
C2

n−1Ψ
2
n−2(b)− C2

n

db = Cn+1 = const, (1.20)

ãäå ïîñëå âçÿòèÿ èíòåãðàëà (1.20) âìåñòî ïîñòîÿííûõ Cn−1, Cn ìîæíî ïîäñòàâèòü ëåâûå
÷àñòè ñîîòâåòñòâóþùèõ ðàâåíñòâ.
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Ïðåäëîæåíèÿ 1.5 è 1.6 äîêàçûâàþòñÿ ïóòåì ïîñòðîåíèÿ ñîîòâåòñòâóþùèõ ïåðâûõ èíòåãðàëîâ
÷åðåç ïåðâûå èíòåãðàëû, ïîëó÷åííûå â ïðåäûäóùèõ ïðåäëîæåíèÿõ.

Òåîðåìà 1.1. Åñëè âûïîëíåíû óñëîâèÿ ïðåäëîæåíèé 1.1�1.6, òî ñèñòåìà (1.1), (1.2) îáëà-
äàåò ïîëíûì íàáîðîì (n+2) ãëàäêèõ íåçàâèñèìûõ ïåðâûõ èíòåãðàëîâ âèäà (1.7), (1.11), (1.15),
. . ., (1.17), (1.19), (1.20).

Òåîðåìà 1.1 íåïîñðåäñòâåííî âûòåêàåò èç ïðåäëîæåíèé 1.1�1.6, çà èñêëþ÷åíèåì óòâåðæäåíèÿ
î òîì, ÷òî íàáîð ïåðâûõ èíòåãðàëîâ ñîñòîèò íå èç 2n, à n + 2 òîëüêî ÷òî ïîëó÷åííûõ ïåðâûõ
èíòåãðàëîâ. Ýòîò ôàêò áóäåò äîêàçàíî íèæå ïðè ðàññìîòðåíèè ðàññëîåíèÿ èñõîäíîãî ôàçîâîãî
ïðîñòðàíñòâà ðàññìàòðèâàåìîé ñèñòåìû.

2. Ñèñòåìû ñ âíåøíèì ñèëîâûì ïîëåì è óíèìîäóëÿðíûå ïðåîáðàçîâàíèÿ

Ìîäèôèöèðóåì ñèñòåìó (1.1), (1.2) ïðè óñëîâèÿõ (1.8), (1.10), (1.13)�(1.16), (1.18) ñ äâóìÿ
êëþ÷åâûìè ïàðàìåòðàìè b, b1 > 0, ââåäÿ âíåøíåå ñèëîâîå ïîëå. Åñëè ââåñòè òàêîå ïîëå, äî-
áàâèâ êîýôôèöèåíò F (α) ëèøü â óðàâíåíèå äëÿ Z ′

n â ñèñòåìå (2.1), (2.2), òî äàæå ïðè b1 = 0
ïîëó÷åííàÿ ñèñòåìà, âîîáùå ãîâîðÿ, íå áóäåò êîíñåðâàòèâíîé. Êîíñåðâàòèâíîñòü áóäåò ïðè äî-
ïîëíèòåëüíîì óñëîâèè b = 0. Îäíàêî ìû ðàñøèðèì ââåäåíèå ñèëîâîãî ïîëÿ, ïîëîæèâ b1 > 0.
Ðàññìàòðèâàåìàÿ ñèñòåìà íà ïðÿìîì ïðîèçâåäåíèè ÷èñëîâîãî ëó÷à è êàñàòåëüíîãî ðàññëîåíèÿ
T ∗Mn{Zn, . . . , Z1;α, β1, . . . , βn−1} ïðèìåò âèä

v′ = Ψ(α,Z)v, (2.1)




α′ = −Zn + b(Z2
1 + . . .+ Z2

n)δ(α) + b1F (α)f̃(α),

Z ′
n = F (α) + Γα

11(α, β)f
2(α)Z2

n−1 + Γα
22(α, β)f

2(α)g2(β1)Z
2
2 + . . .

+ Γα
n−1,n−1(α, β)f

2(α)g2(β1)h
2(β2) . . . i

2(βn−2)Z
2
1 − ZnΨ(α,Z),

Z ′
n−1 = [2Γ1(α) +Df(α)]Zn−1Zn − Γ1

22(α, β)f(α)g
2(β1)Z

2
n−2 − . . .

− Γ1
n−1,n−1(α, β)f(α)g

2(β1)h
2(β2) . . . i

2(βn−2)Z
2
1 − Zn−1Ψ(α,Z),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Z ′
2 = [2Γ1(α) +Df(α)]Z2Zn[2Γ2(β1) +Dg(β1)]f(α)Z2Zn−1 − . . .

− [2Γn−2(βn−3) +Dr(βn−3)]f(α)g(β1)h(β2) . . . s(βn−4)Z2Z3

− Γn−2
n−1,n−1(α, β)f(α)g(β1)h(β2) . . . r(βn−3)i

2(βn−2)Z
2
1 − Z2Ψ(α,Z),

Z ′
1 = [2Γ1(α) +Df(α)]Z1Zn − [2Γ2(β1) +Dg(β1)]f1(α)Z1Zn−1

− [2Γ3(β2) +Dh(β2)]f(α)g(β1)Z1Zn−2 − . . .

− [2Γn−1(βn−2) +Di(βn−2)]f(α)g(β1)h(β2) . . . r(βn−3)Z1Z2 − Z1Ψ(α,Z),

β′
1 = Zn−1f(α),

β′
2 = Zn−2f(α)g(β1),

β′
3 = Zn−3f(α)g(β1)h(β2),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

β′
n−1 = Z1f(α)g(β1)h(β2) . . . i(βn−2),

(2.2)

Ψ(α,Z) = −b(Z2
1 + . . .+ Z2

n)δ̃(α) + b1F (α)δ(α), f̃(α) =
µ− δ2(α)

δ̃(α)
, δ̃(α) =

dδ(α)

dα
,
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ãäå µ = const. Ïðè ýòîì êîýôôèöèåíòû êîíñåðâàòèâíîé (âíóòðåííåé) ñîñòàâëÿþùåé ñèëîâîãî
ïîëÿ ñîäåðæàò ïàðàìåòð b, à íåêîíñåðâàòèâíîé ñîñòàâëÿþùåé âíåøíåãî ïîëÿ � ïàðàìåòð b1.

Ñèëîâîå ïîëå â óðàâíåíèÿõ íà v′, Z ′
1, . . ., Z ′

n îïðåäåëÿåòñÿ ôóíêöèåé Ψ(α,Z). Îïèøåì ââåäå-
íèå ñèëîâîãî ïîëÿ â âèäå äâóìåðíîãî ñòîëáöà, â ïåðâîé ñòðîêå êîòîðîãî ñòîÿò ñîîòâåòñòâóþùèå
êîýôôèöèåíòû èç ôóíêöèè Ψ(α,Z), à âî âòîðîé ñòðîêå � ñîîòâåòñòâóþùèå êîýôôèöèåíòû èç
óðàâíåíèÿ íà α′. Òàêèì îáðàçîì, ñîâìåñòíîå ñèëîâîå ïîëå (â êîòîðîì òàêæå ïðèñóòñòâóþò òðè
ïàðàìåòðà b, b1 > 0, µ ∈ R) èìååò âèä

U

(
b(Z2

1 + . . .+ Z2
n)

b1F (α)

)
, U =

(
−δ̃(α) δ(α)

δ(α) f̃(α)

)
,

ãäå U � ïðåîáðàçîâàíèå ñ îïðåäåëèòåëåì −µ, ÿâëÿþùååñÿ óíèìîäóëÿðíûì ïðåîáðàçîâàíèåì ïðè
µ = ±1. Òàêîå ïðåîáðàçîâàíèå âíîñèò â ñèñòåìó äèññèïàöèþ (ñì. [5, 6])).

3. Èíòåãðèðîâàíèå ñèñòåì ñ äèññèïàöèåé

Ñèñòåìà (2.1), (2.2) (2n+ 1)-ãî ïîðÿäêà ïðè óñëîâèè (1.9) äîïóñêàåò îòäåëåíèå íåçàâèñèìîé
ïîäñèñòåìû (2n − 1)-ãî ïîðÿäêà. Ââåäåì ïî àíàëîãèè ñ (1.9) óñëîâèå íà f(α) â âèäå ïðåîáðàçî-
âàííîãî ïåðâîãî ðàâåíñòâà â (1.6):

2Γ1(α) +
d ln |f(α)|

dα
+ Γn(α)f

2(α) ≡ 0. (3.1)

Äëÿ ïîëíîãî èíòåãðèðîâàíèÿ ñèñòåìû (2.2) íåîáõîäèìî çíàòü, âîîáùå ãîâîðÿ, (2n− 1) íåçàâèñè-
ìûõ ïåðâûõ èíòåãðàëîâ. Îäíàêî ïîñëå çàìåíû ïåðåìåííûõ

wn = Zn, wn−1 =
√
Z2
1 + . . .+ Z2

n−1,

wn−2 =
Z2

Z1
, wn−3 =

Z3√
Z2
1 + Z2

2

, . . . , w1 =
Zn−1√

Z2
1 + . . .+ Zn−2

2

ñèñòåìà (2.2) ðàñïàäàåòñÿ ñëåäóþùèì îáðàçîì:




α′ = −wn + b(w2
n + w2

n−1)δ(α) + b1F (α)f̃(α),

w′
n = F (α) + Γn(α)f

2(α)w2
n−1 − wnΨ(α,w),

w′
n−1 =

[
2Γ1(α) +

d ln |f(α)|
dα

]
wn−1wn − wn−1Ψ(α,w),

(3.2)





w′
s = ±wn−1

√
1 + w2

sf(α) . . .
[
2Γs+1(βs) +

d ln |j(βs)|
dβs

]
,

β′
s = ± wswn−1√

1 + w2
s

f(α) . . . , s = 1, . . . , n− 2,

(3.3)

β′
n−1 = ± wn−1√

1 + w2
n−2

f(α)g(β1)h(β2) . . . i(βn−2), (3.4)

Ψ(α,w) = −b(w2
n + w2

n−1)δ̃(α) + b1F (α)δ(α), f̃(α) =
µ− δ2(α)

δ̃(α)
, δ̃(α) =

dδ(α)

dα
,

ãäå ìíîãîòî÷èå â (3.3) îçíà÷àåò îäèíàêîâûå ÷ëåíû, à j(βs) � îäíà èç ôóíêöèé g, h, . . ., çàâèñÿùàÿ
îò ñîîòâåòñòâóþùåãî óãëà βs.

ßñíî, ÷òî äëÿ ïîëíîé èíòåãðèðóåìîñòè ñèñòåìû (2.2) äîñòàòî÷íî óêàçàòü äâà íåçàâèñèìûõ
ïåðâûõ èíòåãðàëà ñèñòåìû (3.2), ïî îäíîìó � äëÿ ñèñòåì (3.3) (ìåíÿÿ â íèõ íåçàâèñèìûå ïåðå-
ìåííûå; n−2 øòóê) è äîïîëíèòåëüíûé ïåðâûé èíòåãðàë, �ïðèâÿçûâàþùèé� óðàâíåíèå (3.4) (ò.å.
âñåãî n+1 ïåðâûõ èíòåãðàëîâ). Òàêèì îáðàçîì, ïîñëå ïðèñîåäèíåíèÿ óðàâíåíèÿ (2.1) ïîëó÷àåì
ïîëíûé íàáîð n+ 2 ïåðâûõ èíòåãðàëîâ ðàññìàòðèâàåìîé ñèñòåìû.
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Òåîðåìà 3.1. Ïóñòü äëÿ κ, λ ∈ R

Γn(α)f
2(α) = κ

d

dα
ln |δ(α)|, F (α) = λ

d

dα

δ2(α)

2
. (3.5)

Òîãäà ñèñòåìà (2.1), (2.2) ïðè âûïîëíåíèè óñëîâèèÿõ (1.9), (3.1) îáëàäàåò n+ 2 íåçàâèñèìûìè
(âîîáùå ãîâîðÿ, òðàíñöåíäåíòíûìè) ïåðâûìè èíòåãðàëàìè.

Äîêàçàòåëüñòâî. Ñèñòåìå òðåòüåãî ïîðÿäêà (3.2) ñïîñòàâèì íåàâòîíîìíóþ ñèñòåìó âòîðîãî
ïîðÿäêà

dwn

dα
=

F (α) + Γn(α)f
2(α)w2

n−1 + bwn(w
2
n + w2

n−1)δ̃(α)− b1wnF (α)δ(α)

−wn + b(w2
n + w2

n−1)δ(α) + b1F (α)f̃(α)
,

dwn−1

dα
=

[
2Γ1(α) +

d ln |f(α)|
dα

]
wn−1wn + bwn−1(w

2
n + w2

n−1)δ̃(α)− b1wn−1F (α)δ(α)

−wn + b(w2
n + w2

n−1)δ(α) + b1F (α)f̃(α)
.

(3.6)

Ââîäÿ îäíîðîäíûå ïåðåìåííûå wn−1 = u1δ(α), wn = u2δ(α) è ïîëüçóÿñü (3.5), ïðèâîäèì ñèñòåìó
(3.6) ê âèäó

δ
du2

dδ
+ u2 =

λ+ bu2(u
2
1 + u2

2)δ
2 − b1λu2δ

2 + κu2
1

−u2 + b(u2
1 + u2

2)δ
2 + b1λ(µ− δ2)

,

δ
du1

dδ
+ u1 =

bu1(u
2
1 + u2

2)δ
2 − b1λu1δ

2 − κu1u2

−u2 + b(u2
1 + u2

2)δ
2 + b1λ(µ− δ2)

.

(3.7)

Äàëåå ñèñòåìà (3.7) ïðèâîäèòñÿ ê óðàâíåíèþ ïåðâîãî ïîðÿäêà

du2

du1
=

λ− b1λµu2 + u2
2 + κu2

1

(1− κ)u1u2 − b1λµu1
. (3.8)

Óðàâíåíèå (3.8) èìååò âèä óðàâíåíèÿ Àáåëÿ. Íàïðèìåð, ïðè κ = −1 óðàâíåíèå (3.8) èìååò
ïåðâûé èíòåãðàë

u2
2 + u2

1 − b1λµu2 + λ

u1
= C1 = const, (3.9)

êîòîðûé â ïðåæíèõ ïåðåìåííûõ çàïèñûâàåòñÿ â âèäå

Θ1(wn, wn−1;α) = G1

( wn

δ(α)
,
wn−1

δ(α)

)
=

w2
n + w2

n−1 − b1λµwnδ(α) + λδ2(α)

wn−1δ(α)
= C1 = const . (3.10)

Èñïîëüçóÿ (3.10), ïîëó÷àåì òàêæå äîïîëíèòåëüíûé ïåðâûé èíòåãðàë äëÿ ñèñòåìû (3.2)

Θ2(wn, wn−1;α) = G2

(
δ(α),

wn

δ(α)
,
wn−1

δ(α)

)
= C2 = const . (3.11)

Âûðàæåíèå ïåðâîãî èíòåãðàëà (3.11) ÷åðåç êîíå÷íóþ êîìáèíàöèþ ýëåìåíòàðíûõ ôóíêöèé
çàâèñèò, â ÷àñòíîñòè, îò ÿâíîãî âèäà ôóíêöèè δ(α). Íàïðèìåð, ïðè κ = −1 ïåðâûé èíòåãðàë
íàéäåòñÿ èç óðàâíåíèÿ Áåðíóëëè

dδ

dun
=

(b1λµ− un)δ + bδ3(U2(C1, un) + u2
n)− b1λδ

3

λ− b1λµun + u2
n − U2(C1, un)

,

U(C1, un) =
1

2
{C1 ±

√
C2

1 − 4(λ− b1λµun + u2
n)}, un =

wn

δ(α)
.

Ïðè ýòîì ïîñëå âçÿòèÿ ýòîãî èíòåãðàëà âìåñòî C1 ìîæíî ïîäñòàâèòü ëåâóþ ÷àñòü (3.10) (èëè
(3.9)).

Ïåðâûå èíòåãðàëû äëÿ (3.3) (ïîñëå çàìåí íåçàâèñèìûõ ïåðåìåííûõ) ïðèíèìàþò âèä

Θ2+s(ws;βs) =

√
1 + w2

s

Φs(βs)
= C2+s = const, s = 1, . . . , n− 2, (3.12)
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(ñì. (1.15)�(1.17)). Äîïîëíèòåëüíûé ïåðâûé èíòåãðàë, �ïðèâÿçûâàþùèé� óðàâíåíèå (3.4), íàõî-
äèòñÿ ïî àíàëîãèè ñ (1.20):

Θn+1(βn−2, βn−1, Cn−1, Cn) = βn−1 ±
βn−2∫

βn−2,0

Cni(b)

C2
n−1Ψ

2
n−2(b)− C2

n

db = Cn+1 = const,

ãäå (ïîñëå âçÿòèÿ ýòîãî èíòåãðàëà) âìåñòî ïîñòîÿííûõ Cn−1, Cn ìîæíî ïîäñòàâèòü ëåâûå ÷àñòè
ñîîòâåòñòâóþùèõ ðàâåíñòâ (3.12). Êðîìå òîãî, ó ñèñòåìû (2.1), (2.2) ñóùåñòâóåò ãëàäêèé ïåðâûé
èíòåãðàë (ïî àíàëîãèè ñ (1.19), �ïðèâÿçûâàþùèé� óðàâíåíèå (2.1)), êîòîðûé, íàïðèìåð, ïðè
b = b1, µ = 1 ïðèìåò âèä Θ0(v;wn, wn−1;α) = v2(1− 2bwnδ(α) + b2(w2

n +w2
n−1)) = C0 = const. ¤

Ñïðàâåäëèâà îáðàòíîå óòâåðæäåíèå ê òåîðåìå 3.1.

Òåîðåìà 3.2. Óñëîâèÿ (1.9), (3.1), (3.5) (íàïðèìåð, ïðè κ = −1) ÿâëÿþòñÿ íåîáõîäèìûìè
óñëîâèÿìè ñóùåñòâîâàíèÿ ïåðâîãî èíòåãðàëà (3.10) äëÿ ñèñòåìû (2.1), (2.2).

4. Ïåðâûå èíòåãðàëû ñèñòåì ñ äèññèïàöèåé

Åñëè α � ïåðèîäè÷åñêàÿ êîîðäèíàòà ïåðèîäà 2π, òî ñèñòåìà (2.1), (2.2) ñòàíîâèòñÿ äèíàìè-
÷åñêîé ñèñòåìîé ñ ïåðåìåííîé äèññèïàöèåé ñ íóëåâûì ñðåäíèì [5, 6]. Ïðè ýòîì ïðè F (α) ≡ 0
îíà ïðåâðàùàåòñÿ â êîíñåðâàòèâíóþ ñèñòåìó (1.1), (1.2), êîòîðàÿ , â ÷àñòíîñòè, îáëàäàåò äâóìÿ
ãëàäêèìè ïåðâûìè èíòåãðàëàìè âèäà (1.7), (1.11). Áîëåå òîãî, åñëè ôóíêöèÿ F (α) íå ðàâíà òîæ-
äåñòâåííî íóëþ, íî b1 = 0, òî ñèñòåìà (2.1), (2.2) ïðè âòîðîì óñëîâèè èç (3.5) îáëàäàåò ïåðâûì
èíòåãðàëîì âèäà

Θ0(v;Zn, . . . , Z1;α) = v2(Z2
1 + . . .+ Z2

n + λδ2(α)) = const . (4.1)

Î÷åâèäíî, ÷òî îòíîøåíèå äâóõ ïåðâûõ èíòåãðàëîâ (4.1), (1.11) òàêæå ÿâëÿåòñÿ ïåðâûì èíòå-
ãðàëîì ñèñòåìû (2.1), (2.2), åñëè F (α) îòëè÷íà îò òîæäåñòâåííîãî íóëÿ, íî b1 = 0. Îäíàêî ïðè
b1 > 0 êàæäàÿ èç ôóíêöèé

Θb1(v;Zn, . . . , Z1;α) = v2(Z2
1 + . . .+ Z2

n − b1λµZnδ(α) + λδ2(α)) (4.2)

è (1.11) ïî îòäåëüíîñòè íå ÿâëÿåòñÿ ïåðâûì èíòåãðàëîì ñèñòåìû (2.1), (2.2). Îäíàêî îòíîøåíèå
ôóíêöèé (4.2), (1.11) ÿâëÿåòñÿ ïåðâûì èíòåãðàëîì (3.10) ñèñòåìû (2.1), (2.2) (ïðè κ = −1) ïðè
ëþáîì b1 > 0.

5. Ìíîãîìåðíûé ñëó÷àé

Âûäåëèì ñóùåñòâåííûé ñëó÷àé äëÿ ôóíêöèè f(α), îïðåäåëÿþùåé ìåòðèêó íà (n−1)-ìåðíîé
ñôåðå, è äëÿ ôóíêöèè δ(α):

f(α) =
cosα

sinα
, δ(α) = sinα. (5.1)

Ñëó÷àé (5.1) ôîðìèðóåò êëàññ ñèñòåì (2.1), (2.2) ïðè µ = 1, ñîîòâåòñòâóþùèõ äâèæåíèþ n-
ìåðíîãî äèíàìè÷åñêè ñèììåòðè÷íîãî òâåðäîãî òåëà íà íóëåâûõ óðîâíÿõ öèêëè÷åñêèõ èíòåãðàëîâ
â íåêîíñåðâàòèâíîì ïîëå ñèë [5, 6]

v′ = vΨ(α, β1, . . . , βn−2, Z), (5.2)

α′ = −Zn−1 + b

(
n−1∑
s=1

Z2
s

)
sinα+ bF (α) cosα, (5.3)

Z ′
n−1 = F (α)−

(
n−2∑
s=1

Z2
s

)
cosα

sinα
+ bZn−1

(
n−1∑
s=1

Z2
s

)
cosα− bZn−1F (α) sinα, (5.4)
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Z ′
n−2 = Zn−2Zn−1

cosα

sinα
+

(
n−3∑
s=1

Z2
s

)
cosα

sinα

cosβ1

sinβ1

+ bZn−2

(
n−1∑
s=1

Z2
s

)
cosα− bZn−2F (α) sinα, (5.5)

Z ′
n−3 = Zn−3Zn−1

cosα

sinα
− Zn−3Zn−2

cosα

sinα

cosβ1

sinβ1
−
(

n−4∑
s=1

Z2
s

)
cosα

sinα

1

sinβ1

cosβ2

sinβ2

+ bZn−3

(
n−1∑
s=1

Z2
s

)
cosα− bZn−3F (α) sinα, (5.6)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Z ′
1 = Z1

cosα

sinα

{
n−2∑
s=1

(−1)s+1Zn−s
cosβs−1

sinβ1 . . . sinβs−1

}
+ bZ1

(
n−1∑
s=1

Z2
s

)
cosα− bZ1F (α) sinα, (5.7)

β′
1 = Zn−2

cosα

sinα
, (5.8)

β′
2 = −Zn−3

cosα

sinα sinβ1
, (5.9)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

β′
n−3 = (−1)nZ2

cosα

sinα sinβ1 . . . sinβn−4
, (5.10)

β′
n−2 = (−1)n+1Z1

cosα

sinα sinβ1 . . . sinβn−3
, (5.11)

ãäå

Ψ(α, β1, . . . , βn−2, Z) = −b

(
n−1∑
s=1

Z2
s

)
cosα+ bF (α) sinα,

ïðè ýòîì b � áåçðàçìåðíûé ïàðàìåòð.
Èòàê, ñèñòåìà (5.2)�(5.11) ìîæåò áûòü ðàññìîòðåíà íà ñâîåì ôàçîâîì 2(n − 1) + 1-ìåðíîì

ìíîãîîáðàçèè

W1 = R1
+{v} × T∗Sn−1{Zn−1, . . . , Z1;α, β1, . . . , βn−2}. (5.12)

ßñíî, ÷òî â ñèñòåìå (5.2)�(5.11) ïîðÿäêà 2(n − 1) + 1 îáðàçîâàëàñü íåçàâèñèìàÿ ñèñòåìà (5.3)�
(5.11) ïîðÿäêà 2(n− 1) íà êàñàòåëüíîì ðàññëîåíèè T∗Sn−1{Zn−1, . . . , Z1;α, β1, . . . , βn−2} (n− 1)-
ìåðíîé ñôåðû Sn−1{α, β1, . . . , βn−2}. Ïðè ýòîì â íåçàâèñèìîé ñèñòåìå (5.3)�(5.11) ïîðÿäêà 2(n−
1) îáðàçîâàëàñü åùå îäíà íåçàâèñèìàÿ ñèñòåìà (5.3)�(5.10) ïîðÿäêà 2n − 3 íà ñâîåì (2n − 3)-
ìåðíîì ìíîãîîáðàçèè. Â ÷àñòíîñòè, ïðè δ(α) ≡ F (α) ≡ 0 ðàññìàòðèâàåìàÿ ñèñòåìà îïèñûâàåò
ãåîäåçè÷åñêèé ïîòîê íà (n− 1)-ìåðíîé ñôåðå.

Â ñëó÷àå (5.1), åñëè δ(α) =
F (α)

cosα
, òî ñèñòåìà îïèñûâàåò äâèæåíèå n-ìåðíîãî òâåðäîãî òåëà

â ñèëîâîì ïîëå F (α) ïîä äåéñòâèåì ñëåäÿùåé ñèëû [5, 6]. Â ÷àñòíîñòè, åñëè F (α) = sinα cosα,
δ(α) = sinα, òî ñèñòåìà ýêâèâàëåíòíà îáîáùåííîìó (ñôåðè÷åñêîìó) n-ìåðíîìó ìàÿòíèêó, ïî-
ìåùåííîìó â íåêîòîðîå íåêîíñåðâàòèâíîå ïîëå, è îáëàäàåò ïîëíûì íàáîðîì òðàíñöåíäåíòíûõ
ïåðâûõ èíòåãðàëîâ, âûðàæàþùèõñÿ ÷åðåç êîíå÷íóþ êîìáèíàöèþ ýëåìåíòàðíûõ ôóíêöèé. Êðîìå
òîãî, êàê è â ñëó÷àå ñèñòåì ìåíüøåãî ïîðÿäêà, åñëè ôóíêöèÿ δ(α) íå ÿâëÿåòñÿ ïåðèîäè÷åñêîé,
òî ïî÷òè âñåãäà ðàññìàòðèâàåìàÿ ñèñòåìà ÿâëÿåòñÿ ñèñòåìîé ñ ïåðåìåííîé äèññèïàöèåé ñ íåíó-
ëåâûì ñðåäíèì (ò.å. îíà ÿâëÿåòñÿ �ñîáñòâåííî� äèññèïàòèâíîé). Òåì íå ìåíåå è â ýòîì ñëó÷àå
ìîæíî ïîëó÷èòü (áëàãîäàðÿ òåîðåìàì 3.1 è 3.2) ÿâíûé âèä òðàíñöåíäåíòíûõ ïåðâûõ èíòåãðàëîâ,
âûðàæàþùèõñÿ ÷åðåç êîíå÷íóþ êîìáèíàöèþ ýëåìåíòàðíûõ ôóíêöèé, ÷òî òàêæå ÿâëÿåòñÿ íîâûì
íåòðèâèàëüíûì ñëó÷àåì èíòåãðèðóåìîñòè ìíîãîìåðíûõ äèññèïàòèâíûõ ñèñòåì â ÿâíîì âèäå.



Èíòåãðèðóåìûå îäíîðîäíûå ñèñòåìû 189189

Ëèòåðàòóðà

1. Ì. Â. Øàìîëèí, �Èíòåãðèðóåìîñòü ïî ßêîáè â çàäà÷å î äâèæåíèè ÷åòûðåõìåðíîãî òâåðäîãî
òåëà â ñîïðîòèâëÿþùåéñÿ ñðåäå�, Äîêë. ÐÀÍ 375, No. 3, 343�346 (2000).

2. Ì. Â. Øàìîëèí, �Íîâûé ñëó÷àé èíòåãðèðóåìîñòè â äèíàìèêå ìíîãîìåðíîãî òâåðäîãî òåëà
â íåêîíñåðâàòèâíîì ïîëå�, Äîêë. ÐÀÍ 453, No. 1, 46�49 (2013).

3. Ì. Â. Øàìîëèí, �Íåêîòîðûå èíòåãðèðóåìûå äèíàìè÷åñêèå ñèñòåìû òðåòüåãî è ïÿòîãî ïî-
ðÿäêà ñ äèññèïàöèåé�, Ïðîáë. ìàò. àíàë. 97, 155�165 (2019).

4. Ì. Â. Øàìîëèí, �Èíòåãðèðóåìûå äèíàìè÷åñêèå ñèñòåìû ñåäüìîãî è äåâÿòîãî ïîðÿäêà ñ
äèññèïàöèåé�, Ïðîáë. ìàò. àíàë. 101, 131�145 (2019).

5. Ì. Â. Øàìîëèí, �Èíòåãðèðóåìûå ñèñòåìû ñ ïåðåìåííîé äèññèïàöèåé íà êàñàòåëüíîì ðàñ-
ñëîåíèè ê ìíîãîìåðíîé ñôåðå è ïðèëîæåíèÿ�, Ôóíäàì. ïðèêë. ìàò. 20, No. 4, 3�231 (2015).

6. Ì. Â. Øàìîëèí, Èíòåãðèðóåìûå äèíàìè÷åñêèå ñèñòåìû ñ äèññèïàöèåé. I. Òâåðäîå òåëî â
íåêîíñåðâàòèâíîì ïîëå, ËÅÍÀÍÄ, Ì. (2019).

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 24 ìàÿ 2020 ã.


