MATEMATUUYECKWUN UHCTUTYT UM. B. A. CTEKJIOBA PAH
MOCKOBCKUWI FOCVI[APCTBEHHI)HX YHUBEPCUTET umenu M. B. JOMOHOCOBA
000 «B-TUM»

OIITUMAJIBHOE YIIPABJIEHUE
N JUOOEPEHIINAJIBHBIE UI'PbI

Marepuansl MexayHapoaHoi KoHpepeHIuH,
noCBsIIeHHON 110-1eTuio co JHS poXKaCHUS
JIsBa CemenoBuua [lontpsruna,
Mockga, 12—14 nexabps 2018 1.

OPTIMAL CONTROL
AND DIFFERENTIAL GAMES

Materials of the International Conference
dedicated to the 110th anniversary
of Lev Semenovich Pontryagin,
Moscow, December 12—-14, 2018

A

Mocxksa — 2018




YIK 517.9
BBK 22.16
062

Konghepenyus npoeooumcst npu punancogoii nodoepiicke
Poccuiickoeo ¢ponoa gynoamenmanvhoix ucciedosanuii (npoexm 18—01-20101)
u Munucmepcmea Hayku u vicuieco 06pazosanus Poccuiickoii @edepayuu

I[IporpaMMHBI# KOMHUTET:
FO. C. Ocunos (npeoceoamens), H. JI. I pueopenko (3am. npedcedamens),
A. U. Cmupros (cekpemapyn), A. A. Aepaues, P. B. amkpenuoze, M. U. 3enuxun,
JI. B. Jloxyyuesckuii, M. C. Huxonvckuu, H. X. Po3os
OpraHu3alMOHHBIA KOMUTET:

H. JI. I'pucopenxo (conpeocedamens), /]. B. Tpewés (conpeocedamens),
C. M. Acees (3am. npedceoamens), JI. A. Apmemvesa (cexpemaps), K. O. becos,
A. A. lpsocenxos, E. U. Moucees, C. M. Opnos, B. A. Tumogeesa

OTtBetcTBeHHBIN penaktop K. O. becos

OnrtumaibHoe ynpasijieHnne u fuddepeHnnaibHbie HIPbI . MaTtepuansl Mexay-

062 wnHapomHoit KoH(DepeHuH, ocesneHHoH 110-eTuroco aus poxxaenus JIbBa CeMeHOBHYA

[onTpsirnna, Mocksa, 12—14 nexadps 2018 r. / OtB. pen. K. O. beco. — Mocksa : Mare-
Mmarnyeckuil nHCTUTYT UM. B. A. Crekinosa PAH; MAKC IIpecc, 2018. —304 c.

ISBN 978-5-98419-082-4 (Maremarndeckuii uHCTHTYT M. B. A. CrexnoBa PAH)
ISBN 978-5-317-05994-1 (MAKC TIIpecc)

ISBN 978-5-98419-082-4 © Maremarmaecknii HHCTHTYT UM. B.A. Crexiosa PAH, 2018
ISBN 978-5-317-05994-1 © Odopmitenre. OO0 «MAKC Ipeccy, 2018



and the jump conditions
Aty (1) = Loy = i@l + Bi%oie,)-
The stationarity conditions take the form

wwfu_h(bu =0 on [t07T]a
¢ylg;, —o'w!, =0 on A":=[t;,T], i=1,...,n,

while the energy conservation law takes the form

1—1
wzf+z1/)yzglzc on Al = [tifl,ti], ’L:]_,,TL+].
Jj=1

An important modification of Problem A is Problem C with terminal cost related
to the “widest” final distribution of payloads. Here, we get payload dynamics in the
inertial form

§=9"9"0")
and the quadratic cost

n

Jo = *Z i (y'(T) — yj(T))2 — min.

i=1 j=i+1
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NHTErPUPYEMBIE JJUHAMUYECKUE CUCTEMBI
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B 3a/lav9ax JJUHAMUKU U3YyYdal0TCsd MeXaHUYeCKue CUCTEeMbl CO MHOI'MMU CTEIIeHA-
MH CBOOOBI C JUCCHUIIAIIAEH (C IPOCTPAHCTBOM IIOJIOXKEHUI — MHOT'OMEPHBIM MHOI'O-
obpasuem). Nx dbazoBbIME IPOCTPAHCTBAME CTAHOBSITCS KACATEIbHBIE PACCIOEHUST K
JAHHBIM MHOrooOpasusM. Tak, HampuMep, u3ydeHne n-MepHoTo 0000IIeHHOro chepn-
9eCKOr0 MAasTHUKA B HEKOHCEPBATUBHOM TI0JIE€ CHJI IPUBOIUT K JIMHAMUIECKOI cucTeMe
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Ha KacaTeJbHOM paccyioennn K (n — 1)-MepHoit cdepe, Ipu 3TOM METPUKa CIEIUAb-
HOTO BUJIa HA Hell WHJYIMPOBAHA JIONOJHUTEIBHON Tpynmoii cummMerpwuii [1].

B kavecrBe Kjacca M3ydaeMbIX JUHAMHYECKHX CHCTEM PACCMOTPHUM CJIELYIONIYIO
CHUCTEMY C TJIAJIKOU MPABON 9aCThIO ¢ JuccHanueil. A UMeHHO, HAJIMare JINCCUTIAIIAN
(BOOOIIIE TOBODSI, 3HAKOIIEPEMEHHON) XapaKTEePU3yeT JIOCTATOUHO TIaaKuil Kosdbdu-
1eHT bd(«) B IepBOM ypaBHEHUH CHCTEMBIL:

&= —zp + bi(),
o = F(a) + T (e, B) f* ()21 + T8y(e, B) f* () g*(B1) 25 + ..
A Tt 1 (@ B) 2 (@) (BB (Ba) - . i (Br—2) 1,
21 = [201(@) + Df ()] 2n-120 = Taa (e, B) f(@)g*(B1) 75 — -
o= (@ B) (@) g (BL)RP (B2) - - % (Bn—2)2i,

g = [2T1 () + D f()]za2n — [202(B1) + Dg(B1)] f(@) 22201 — . ..
e o (Bua) + Dr(Bua ) F(@g(BOMBD) . 5(Bu)aza — )
— 07 1 (@, B) f(@)g(B)h(Ba) - .. 7(Bn—3)i%(Bn-2)21,

21 = [2I'1(a) + Df(a)]z12n — [202(B81) + Dg(B)] fr(@)z12n-1 —
— [2T'3(B2) + Dh(B2)] f(a)g(B1)z12n—2 — . ..
o= 21 (Bn-2) + Di(Bn-2)]f()g(B1)R(B2) - . . 7(Bn-3)2122,

B =2 1f(@), Bo=zaaf(@)g(B1), Bs =z 3f(a)g(B1)h(Ba),

oy B = 2 (@g(B)R(B2) - -i(Bu2),

KOTOpas IIOYTH BCIOAY 9KBHBAJICHTHa CHUCTEME

G — bdé’(a) + F(a) + F?l(a’ﬁ)ﬁ.% +.. Fgfl,nfl(a’ﬁ)ﬁzfl =0,
B1 — bBr6(a)W (a) + 2Ty (@)dpy + Thy(e, B)B3 + ...+ T, 4, (e, B)Br 4 =0,

Br1 = bBn_16(@)W(a) + 21 ()afn_1 + 2T2(B1)B1Bn—1 + - .-
st 2Fn71(6n72)6n72ﬁ.n71 = 07 W(Oé) = 2F1(05) + Df(Oé)

IMapaJ/uteIbHO BBIIEJNM TAKKe KJIacC 3aJa9 O JABHKEHUH TOYKHU 110 MHOTOMEPHOI
MOBEPXHOCTH, TIPU 3TOM METPHUKA H& HEll WHyIUPOBaHA €BKJIMIOBONH METPUKON 06D~
eMJIIOITIETO TpocTpaHcTBa (cM. Takxke [1-3]).

IIycTth cpaBeTMBBI paBEHCTBA

'ty (o, B) = 5‘2(04,6)92(61) =...= Fz—l,n—l(aaﬁ)92(ﬁ1)h2(ﬁ2) co=Tala), (2)

2 (a) + w +Th(a)f?(a) = 0. (3)
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ITocse 3amenBl IEpEMEHHBIX

_ — 2 2 —
Wn = Zn, Wn—1 = 2] +"'+2n—17 Wnp—2 = —,
z3 Zn—1

7, ey =
/52 2 -2

cucrema (1) pacnamaercs:
& = —w, +bi(a), i, = F(a)+T,(a)f*(a)w?_,,

din|f(o)|
T e

Wn—3 =

Wp_1 = |:2F1<O() :|wn—1wna

Ibs = j:wn_l vV 1+ wzf(a) v [2Fs+1<65) + D](ﬂS)]’

ﬂ'szi%ﬂa)..., s=1,....,n—2, (5)
wS
By = t——=" (@)g(B1)(Ba) . . i(Bn-s2), (6)

Vitwn,

rie B cucreme (5) MHOTOTOYMEM TIOKA3aHBI OJMHAKOBBIE “WieHbl, a dbyHKuus j(fBs) —

ojiHa u3 QYHKIUR g, h, ..., 3aBUCAIIAs OT COOTBETCTBYOIIEro yria [s. st mosHol

uHTErpupyeMocTn cucTeMbl (4)—(6) J0CTATOYHO yKa3aTh 1BA HE3ABIUCUMBIX HHTEIDAJIA

cucremsl (4), o oxHOMy — JIsi cucreM (5) (MeHsis HE3aBHCHMBIE HEPEMEHHBIE; MX
o)

KOJIMYECTBO PABHO N — 2) M MHTErpaJ, “npusgasbiBaiomuii’ ypasuenue (6) (T.e. Bcero
n + 1 nHTerpasos).

Teopema. Ilycmwv das nexomopur k, A € R cnpasediusvs pasercmaa
d 62

_ 4 &)
da 2

Tozda cucmema (1) npu evnoanenuu yeaosutd (2), (3) obaadaem noarvim HabOPOM
(n+ 1) nesasucumvr, 6006We 2060ps, MPUHCUEHOCHTVHBLT NEPELLT UHTNELPANOE.

Ca(0)f*(a) = cInls(@)],  Flo)

Tak, mpu k = —1 UHTErpaJIBI CIETYIONITE:
2wl ) —bwpd A62
91(’[1};0() — Wy, +wn—1 w (CY) + (Oé) — Cla
wp—10(a)
. _ Wn  Wnp-1 _
92(“}70() - G<6<a)7 5(0[)7 5(0{) ) - 023
V1+w?
@s+2<ws;ﬁs): mzcs—i-% s=1,...,n—2,
ﬂan C’n, b
@n+1(w;a,6) = 67171 :l:/ Z( ) db = On+1.

VO () - C2

Eciu dynximst 6(a) He sIBJISETCS TEPUOAUIECKON, TO PACCMATPHBAEMAS JICCU-
IIaTUBHAas CHUCTEMAa SBJISIETCSI CUCTEMOI C IIepel\/IeHHOfI IZLI/ICCI/IIIaI_[I/IefI C HeHyJIeB])H\’I
cpefHuM (T.e. OHA SIBJIAETCS WM COOCTBEHHO JMCCUIIATUBHON, WJIM CUCTEMOIN C pas-
POHAIONIMMYU CUJIaMu). TeM He MeHee U B 9TOM CJIydae MOXKHO HOJIYYUTh sIBHbIH BUJL
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TPaHCIIEHIEHTHBIX II€PBbIX MHTEI'PAJIOB, BbIPa2KalOIMUXCA Iepe3 KOHEIHYIO KOM6I/IHa—
U0 JIEMEHTapPHbIX (byHKLII/Iﬁ HOCﬂe)lHee TaK>Ke ABJIsI€TCA HOBBIM HETPHUBHUAJIBHBIM
CJTydaeM MHTErPUPYEMOCTH CHCTEM CO 3HAKOIEPEMEHHOM JMCcCHianueil B iBHOM BHJIe
(em. Takxe [4, 5]).
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STRUCTURALLY STABLE PROPERTIES OF CONTROL SYSTEMS
Shiva Shankar
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We study properties of control systems that are stable with respect to perturba-
tions. These ideas go back to the notion of structural stability of autonomous systems
due to Andronov and Pontryagin. In contrast, control systems usually admit inputs,
and are therefore non-autonomous.

We study linear systems defined by partial differential or difference equations.
These are systems defined over the ring A = C[dy, ..., d,] of partial differential op-
erators, or the ring B = Clo1,0; Lo, o, 1] of Laurent polynomials, respectively.
More precisely:

(i) Let P C A* be an A-submodule, and suppose it is generated by p1,...,p,. Let
pi = (pi1(0), ..., pik(9)), and let P(9) be the £ x k matrix whose rows are the p;. Let
C* be the space of smooth functions on R™. Then

Pd): (C*)F = (), f=PO)f (1)

is an A-module map. The distributed system B(P) defined by P is the kernel {f |
P(0)f = 0} of the above map (it does not depend on the choice of generators for P
which defined the matrix P(9); indeed, B(P) ~ Hom 4(A¥/P,C>)).

Remark. More generally, we can replace C*° by any A-submodule F of the

space D’ of distributions on R™, and study the system Hom4(A*/P, F). Examples
include the spaces S’ of tempered distributions, S of rapidly decreasing functions, the

inverse limit ‘H of the Sobolev spaces, etc. The answers to the questions we address
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