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CJIY4AU UHTETPUPYEMOCTM, COOTBETCTBVYIOIIUE JABUXKEHUIO MASITHUKA
HA ABYMEPHO! IJIOCKOCTH!

KurodeBbie cjoBa: TBepioe Tel0, HHTerpupyeMas CUCTeMa, CUCTeMa ¢ MMepeMeHHOM quccunanueil, TpaHc-
IEHJEHTHBIN TTEPBbIl HHTErpaJl

Pabora mocBsieHa HOBBIM CIYYasgM WHTEIPUPYEMOCTH CHCTEM HA KAaCATETbHOM PACCAOCHNHM K MAJIOMEPHOM
cdepe. K Takoro poga 3agaamM MPUBOIATCS CACTEMbBI U3 ITOCKOH JAMHAMHUKHU TBEPIOTO TEJd, HAXOISIIIETOCId B
HEKOHCEPBATUBHOM Mojie cui. Vccmenyemble 3a1a4m OMUCHIBAIOTCS TUHAMUYICCKUMU CUCTEMAMU C TTEPEMEHHOI
JMCCUTanyeii ¢ HyseBbiM cpeganM. OOHADYKEHBI CIYyYIal MHTETPUPYEMOCTY YPABHEHW JBUXKEHUS B TPAHCIEH-
JEHTHBIX (B CMbICJIE KacCuUKAIMU UX 0COOEHHOCTEH) (DYHKIMAX U BBIPAXKAIOUIMXCS Y9€pe3 KOHEYHYIO KOMOU-
HAIHIO TEMEHTAPHBIX (DYHKIINIH.

§ DBgenenwne

B mamHO# paGoTe CHCTEMATH3MPYIOTCS PE3YIbTATHI MO HCCAEJOBAHWIO yPABHEHWH ILIOCKOIADPAIETBHOTO
JIBAYKEHUSA CHMMETPUYIHOTO 3aKPEIIEHHOTO TBEPOrO TEIA-MAATHUKA, HAXOJAIIErOCs B HEKOTOPOM HEKOHCEPBAa-
THBHOM [1OJI€ CuJI. Er0 BU 3aMMCTBOBAH M3 AMHAMUKH PEAJIbHBIX 3aKPEIJIEHHBIX TBEPABIX TEJI, IIOMENIEHHBIX B
OJIHOPOZHBIN TTOTOK Haberaoredi cpeabl. [lapaielbHO PACCMATPUBAETCA 334 O TLIOCKONAPAJIISTEHOM JIBH-
JKEHUH CBOBOIHOrO TBEPJOIO TEJa, TAKKE HAXOAANIEroCs B IIOA00HOM nojie cuil. [Ipu 3ToM Ha JaHHOe CBOBOIHOE
TEJI0 NefiCTBYET TaKyKe HEKOHCEPBATUBHAs CJEIAINAs CUJIA, JUOO 3aCTABJIAIONIAA BO BCE BPEMs JABUYKEHUS BE-
JIMYUHY CKOPOCTU HEKOTOPOH XapaKTEPHOH TOYKM TBEPIOrO Tejia OCTABATHCA IIOCTOSHHON BO BpemeHu (4UTO
03HAYAET HAJMYME B CUCTEME HEMHTEIPUPYeMOil cepBocBa3M, cM. Takxke [19, 20, 21, 22]), nubo 3acrapisiorias
[EHTP Mace TeJla JBUTATHCS MPSMOJIMHERHO W PABHOMEPHO (U4TO 03HAUAET TIPUCYTCTBUE B CUCTEME MAphl CUJI,
cM. Taxxe [30, 31]).

Panee B [19] aBropoM yzke ObUTa MOKa3aHa MOJHAS WHTEIPHPYEMOCTH YDABHEHHMIl IJIOCKONADPAIIIENBEHOTO
JIBEKEHHUS 3aKPEIIEHHOTO TENa-MAATHUKA B OJHOPOIHOM MOTOKE HADETAMMell Cpeabl B YCJIOBHAX CTPYHHOTO
obTeKaHus, KOT/Ja y CACTEMBI JMHAMHYECKUX YPABHEHUI CYIIECTBYET NMEPBBIA MHTErPAJI, ABJSIONMANACA TPAHC-
UeHJeHTHOM (B cMblicsie Teopuu (ByHKUMHA KOMILIEKCHOIO [EPEMEHHOIO, UMEIOLIEH CYIIECTBEHHO 0CODbIe TOYKHU )
dyukupmei kBazuckopocreil. Torma nmpeanosaranoch, 9To BCe B3aUMOIEHCTBIE CPEIbI C TEJOM COCPEIOTOYEHO
HA TOH YaCTH IOBEPXHOCTH TeJjia, KoTopas uMeer (popMy (OIHOMEPHOI) IIACTHHBL.

B manHO# paboTe pe3yabTaThl OTHOCATCSA K CIYYal0, KOTJA BCE B3AMMOAEHCTBAE OJHOPOIHOTO TIOTOKA, CPEJIBI
€ 3aKPEeIIEHHBIM TEJIOM COCPEIOTOYEHO HA TOH 9aCTH IOBEPXHOCTH TENa, KOTOPasA uMeeT (POPMY OJHOMEPHOTO
JIACKA, IIPU TOM CHJIOBOE BO3JEHCTBHE COCPEJOTOYEHO B HAIIPABJIEHWU, KOTOPOE MEPIEHUKYIAPHO JAHHOMY
mucKy. JJaHHbIC PE3YNIBTATHI CUCTEMATASUPYIOTCA W TTOJAIOTCS B MHBAPUAHTHOM BUJE.

PesynbTarhl manHOl paBoOTHI PEryasapHO JOKIAIBIBAINCH HA MHOXKECTBE CEMUHAPOB, B TOM YHCJIC W HAa Ce-
MuHape “AKryajbHble TPOOJEMbL reoMeTpun U MexaHnkn’ nMmenu npodeccopa B. B. Tpodumosa [4] mox pyko-
soacrsoMm JI. B. Teopruesckoro u M. B. Illamosnuna (cm. Takke [5, 6, 70, 71, 72]).

§ 1 MoaenbHble IPEIIOIOXKEHUS

PaccmorpuM OHOPOIHYIO TIOCKYIO TIACTHHY A B, CHMMETPUYHYIO OTHOCUTENHHO MIOCKOCTH, MEPIEHIUKY-
JSIpHOHN TIoCKOocTH GUTYPBI U mpoxonsdreii depe3 nepxkasky OD. IlmacruHa »KecTKO 3aKperieHa TepreHu-
Kyasapao gepxkaske OD, naxoisieiica Ha mumHapudeckoM mapaupe O, u 00TeKaeTcd OJHOPOIHBIM TOTOKOM
cpenpl (puc. 1). B 3ToM caydae Tesio npeacTasiageT coboil (pusuueckuii MagTHUK, B KOTOPOM iactuia AB 1 och
MMIAPHUDA TEPTIEHINKYISPHBI TIOCKOCTH JIBMKeHUsI. 1J0TOK cpespl NBUXKETCsT n3 ODECKOHEUYHOCTH € TOCTOSHHON
CKOPOCTBIO V = Vo, 7# 0, & IepKaBKa COMPOTUBJICHAS HE CO3/TAET.

IIpeamonoxkum, 910 cCymMMapHas cusia S BO3AEHCTBHS MOTOKA CPEAbl HA TJIACTUHY HAIIPABJIEHA MAPAJIETBHO
JepKaBke, a Touka N IPUIOXKEHWsS dTOH CHJIbI OIpeAessaeTcsd, 10 Kpaiineii Mepe, yIJOM aTakKd (v, KOTOPBIi
U3MEPSAETC MEYXKIY BEKTOPOM CKOPOCTH Vp TOYKM [ OTHOCHTEIBHO TOTOKA U Aep:kaskoit OD (puc. 1, mpu
9TOM Ha PUCYHKE MOKA3aH Yrojl ATAKM, DABHBIA T — (), a TAK¥Ke IIPUBEIEHHOH YIJIOBOH CKOPOCTHIO
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Puc. 1: BakpenieHnblii MagTHUK Ha IUJIAHJIPAIECCKOM IIAPHUPE B MOTOKe Haberaromei cpebl

(I — nyuna nepxkasku, () — anrebpandeckoe 3HAYEHUE IPOEKIIUK YIJIOBOH CKOPOCTH MASATHUKA HA OCh [IIAPHUDA).
IonoGuble ycioBHs BO3HMKAIOT [IPH HCIOJIb30BAHUU MOJEIU CTPyHHOro obrexanus ruiockux ren [2, 7, 10, 11
14, 15, 24, 25].

Takum 06pazom, TpuMeEM, YTO CHJIa S HAIPABJIEHA 110 HOPMAJHU K ILIACTUHE B CTOPOHY, MPOTUBOIOIOKHYIO
HAIPABJIEHUIO CKOPOCTH VD, U IPOXOINUT Y€PE3 HEKOTOPYIO TOUKY N MIaCTUHBI, CMENeHHYI0 OT To4Uku [ BBEpx
no noroky (cMm. rakxe [28, 29, 35, 36, 48, 49]).

BekTop
oD
e=— (1)
l

OIPENIENISICT OPUEHTAINIO AEPKABKH. Torma

S = —s(a)vpe, (2)
e

s(a) = s1(a)sign cos a, (3)

r7e KO3 UIMEHT COMPOTUBIEHUS 1 > () 3aBUCHUT JIUIIH OT YTJIa aTaku . B cuty cBONCTB CUMMETpPHH MIACTHHBI
oTHOCHTENBHO Toukn D dyHkmms s(o) aBageTca 9eTHOM.

Iycts Dxyxe = Dxy — cucreMa KOODAWHAT, KECTKO CBsi3aHHAS C TeJIOM, Ipu 3ToM ock Dx = Dz nmeer
Hanpasagomuiit Bekrop e (cum. (1)), a ocb Dy = Dy conanpasiena ¢ Bekropom DA (puc. 1). Ha srom ke
pucyHke nokazaH u § = £ — yros OTKJIOHEHUs MagTHHUKA.

ITpocTpascTBOM MOMOKEHHUH TAKOrO (PU3UIECKOr0 MasTHUKA, SIBJISETCS OKPYYKHOCTH (omHOMepHas cdepa)

S'{¢ e R': ¢ mod 27}, (4)
a (Pa30BBIM IIPOCTPAHCTBOM — KaCATeJIbHOE PACCIOCHUE OKPYKHOCTH
T.SY(&€) e R?: € mod 27} (5)

— JABYMEPHBIHN ITUINHID.
CesixkeM ¢ BeTUInHON () KOCOCMMMETPUYIECKYIO MATPHUILY

. 0 -0 .
Q<Q 0 >,Q€so(2). (6)
Paccrognue ot nentpa miactuabl D 1o nenTpa gasnenus (touku N, puc. 1) Gyxer umers Bus

Q
‘I‘N|:TN=DN Oz,L 5 (7)
vp

rie
ry ={0,zon} ={0,yn}



B cucteme Dxixo = Dxy.

Cpa3zy ke 3aMeTUM, UTO HCIOJb3yeMasi MOIENbh BO3JEHCTBUs MOTOKA CPEIbl HA 3aKPEIJIEHHBIH MaSTHUK
AHAJIOTMYHA, TIOCTPOEHHON MOIEIN JJisi CBOOOIHOTO TejIa U B MAJbHEHINEM YUUTHIBACT BIUSHUE BPAIIATETLHON
[POU3BOJHON MOMEHTa CHJIBL BO3ZEHCTBHS CPEeJbl [0 YIVIOBOH CKOPOCTH MasTHHKa (cM. Takxke [2, 3, 53, 54,
55, 58, 60, 62, 64]). Ananu3 3aga4u 0 HUMIECKOM MAITHHKE B IIOTOKE MO3BOJIUT OOHAPYKUTH KAYECTBEHHBIE
AHAJIOTHY B JUHAMEKE JACTUIHO 3aKPEIICHHBIX M CBOOOJHBIX TEJ.

§ 2 I'pynma guHamudeckux ypaBHeHuii Ha ajrebpe JIu so(2)

Eciv I — meHTpasbHBIN MOMEHT WHEDPIWHM TEIa-MasTHUKA, TO OOIee YpaBHEHHE €ro IBUKEHUS MPUMET
CeNyIOmMil BU;

IQ = DN <a, ff;) s(a)vd, (8)

IIOCKOJIBKY MOMEHT CHUJIbI BO3JIEMCTBUA CPEJbl PABEH OIPEJIE/IUTENIO C/IeAyIONIel BCIIOMOraTeIlbHOR MaTPUITbL:

< —s(g)v% o > (9)

{=s(a)vp, 0}

— pasJIoXKeHne CUJIbl S BO3JEHCTBHS CpeJbl B cucTeMe KoopauHar Dxxs.

IMockonbKy pasmepHocTh anrebpol Jlu so(2) pasua 1, enquncrBenHoe ypapuenue (8) U COCTABJIAET IPYIIILY
MUHAMWYIECKAX yPABHEHUH Ha S0(2), a, MOmpOCTy TOBOPS, yPABHEHUE JIBUKEHMUS.

Buano, uro B npaByio yacth ypaBHeHus (8) npexkie BCEro BXOAUT yroJl aTakh, [I0ITOMY JAHHOE yDaBHEHUE
He ABJISETCS 3aMKHYTBIM. JIa TOro, 9T00b! MOMYYIUTDh MOJTHYIO CUCTEMY VPABHEHHI IBUKEHUS MAATHUKA, HEOO-
XOIMMO K JMHAMMYECKOMY YPaBHEHUIO Ha ajreOpe JIu so(2) npucoejMHuTh HECKOJIBKO IPYIII KHHEMATHIECKIX
YPaBHEHUIL.

rie

§ 3 IlepBasg rpynna KuHEMATUYECKUX ypPaBHEHUMN

s mostyueHus TIOJIHON CUCTEMBI YPABHEHU NBUMKEHWS HAM MOTPEOYETCs TPYyIna KWHEMATHIECKUX ypPaB-
HeHwuil, cBa3bIBaOIUX ckopoctu Touku D (dbopmanbaoro nenrpa miacruibl AB) u Haberamorero moToka:

vp =op-iu(@) =9 )+ (-omli(-6), (10)

rae

i,(a) = < cosa ) (11)

sin «v

Pagencrso (10) Bbipaxkaer Teopemy CJIOMXKEHHS CKOPOCTEll B IPOEKLIUAX HA CBA3AHHYIO CUCTEMY KOOPAWHAT
DI1372.

HeiicrBuresnbHo, B 1eBoi yactu paseHcrsa (10) crour ckopocrb Touku D MasgTHUKA OTHOCUTE/IBHO IOTOKA B
OPOEKIUAX HA CBABAHHYIO C MAATHUKOM CUCTEMY KoopauHaT Dxqxe. Ilpu 3moM BeKTOp i, (Qr) — euHuYIHbIi BeK-
TOP BIOJIb OCH BEKTOPA V p. BekTop i, () aBisiercss 06pa3oM eMHUIHOrO BEKTOPA BAO/IL ocu D1, MOBEPHYTOrO
okosio Beprukaau (ocu Dx3) Ha yroj a u uMeer pasioxkenue (11).

B npasoii wactu pasercrsa (10) crour cymma ckopocreil Touku D pu noBOpoTe MagTHUKA (epBoe ciarae-
MO€) M JBHXKeHHs 0TOKa (Bropoe caaraemoe). IIpu 9TOM B EPBOM CJlaraeMoM UMEIOTCs KOODIMHATHI BEKTOPA,
OD = {l,0} B cucreme koopauaar Dxxs.

Ha Bropowm caaraemom npasoii yactu pasencrsa (10) ocranoBumcs noapobuee. B Hem umerorcs KoOpAauHaTbL
BEKTOPA (—Voo) = {—Voo,0} B HemomeukHOM TpocTpancTBe. UTOGHI €ro 3amicaTh B MPOEKIUSAX HA CBS3aH-
HYIO cucTeMy Koopauuar Dxqxs HeobXxomumo npousBecty (OOpaTHBIN) MOBOPOT MasTHUKA HA yroja (—&), 9410
anrebpanvecKy YKBUBAJIEHTHO YMHOMKEHUIO BEJIMYNHBI (—VUs) Ha BEKTOD i, (—E&).

Takum 06pa3oM, IepBasi TPyl KUHEMaTHudecKux ypasHenuii (10) B HaleMm ciydae IpPUMET CJeAyOIuil
BH/I;:

VD COS X = —Vso COS E,

. . (12)
vp sina = [ 4+ vy sin €.



§ 4 Bropasg rpymnmna KnHeMaTU4eCKnuX ypaBHEHUIA

Hawm Takxke moTpebyercst rpymnna KHHEMATHIECKUX YPABHEHWI, CBSI3BIBAIOIINX TEH30D YIJIOBOM CKOPOCTH Qu
KOOpAMHATHL &, € Pa30BOro MPOCTPAHCTBA (5) uccaenyeMoro MasgTHUKA — KACATEJIbHOIO PACCIOCHUS T*Sl{f €}

ITpoBeeM pacCy»KAeHUS B CTUJIE, JOMYCKAIOIMEM JI00YI0 Pa3sMepHOCTh. VICKOMbIE ypaBHEHUS TTOIYYa0TCs
U3 CEAYIONUX ABYX Ipymn coorHormennit. [lockombKy muxkenue Tejaa GOPMATHHO MPOUCXOIUT B €BKJIHIOBOM
npocrpanctee E™ n = 2, cHauaja Bwipaykaercs Habop, cocrosamuilt u3 ¢a30Boil mepemMentoii {1, uepes HOBYIO
nepeMeHHyio z1 (U3 Habopa z):

3aTeM BMECTO TEPEMEHHO 2 TOACTABISETCA CAEAYIOMASA 3aBACHMOCTD:
21 =¢. (14)
Takum obpazom, ase rpyuibl ypasaenuii (13) u (14) gai0T Bropyo rpyuiy KMHEMaTHYECKUX YDABHEHMIA:
Q=¢ (15)

Buano, yro Tpu rpyunst coornomenuit (8), (12), (15) obpa3yror 3aMKHyTYyIO cucreMy ypaBaenuil. B aru tpu
IPYNTBI YPABHEHUI BXOIAT JIBE CIEIyIomme (pyHKIAN:

ry = DN (a, ff;) . (). (16)

IIpu sTOM yHKIHS S CINTAETCS 3ABUCHMOI JUINB OT «, a (pyHKImMS ry = DN MOoxKeT 3aBUCETh, HAPALY C
YTJIOM v, BOODIIE TOBOPS, W OT MPHUBEIEHHON YTIIOBOH CKOpocTH w =2 1) /vp.

§ 5 3amaua o ABU>KeHUU CBOOOJTHOTO TeJIa MPU HAJUYIUN CJIeIATeid
CUJIBI

[MapanmnenbHo paccMaTpUBAEMOR 3a1a4e O JIBHKCHUH 3aKPEIICHHOTO TeJIa, PACCMOTPUM ILJIOCKOTAPATLICTh-
HOE JIBMZKEHNE CBOGOMTHOTO CHMMETPHUIHOTO TBEPJOTO TENa ¢ TMEPEIHAM IIOCKAM TOPIOM (OHOMEPHOH TLIACTH-
HOit AB) B 10J1e CHJIBI COIIPOTUBIIEHNUS B yCJIOBHAX KBasucraimonapuocru [15, 16, 23, 32, 35, 38, 40, 43] c roit
2Ke MOJIeJIbIO Bo3jeiicTBust cpebl (puc. 2).

1O

Puc. 2: [LnockonapaJiiesibHoe JiBukeHue cBOOOJHOIO CUMMETPUYHOIO TBEPJIOIO TeJjia B COIPO-
TUBJAIONIENHCA Cpejie

Ecnu (v, &) — nossgpHble KOOPIMHATHI BEKTOPA CKOPOCTH HEKOTOPOI xapakTepHoii Touku D Teepuoro resa (D
— uenrtp maacruibl AB), () — 3HadeHue ero yriaoBoil ckopoctu, I, m — WHEPIUOHHO-MACCOBBIE XaPAKTEPUCTUKHY,
TO AUHAMHUYECKad YacThb YPaBHEHUI JIBU2KEHHUdA TeJia, IPU KOTOPOM KacaTeJIbHBbIE CHJIbl BO3JEHCTBUA Cpedbl Ha
IJIACTUHY OTCYTCTBYIOT, IIDUMET BUJL

Dcosa — ausina — Qusina 4+ 0Q? = =2,
m

Dsina + dvcosa + Qucosa — o) = 0, (17)



19 = yy (a, Q) s(a)?,
v

rae
F,=-8, S=s(a)? o=0CD, (18)

)

— KOODAMHATHI TOYKH N NPHJIOKEeHUs: CUiibl S B cucreMe Koopauuar Dzyxe = Dxy, cBa3aHHol ¢ TesoM (puc.
2).

ITepsbie apa ypasaenus cucrembl (17) ONUCHIBAIOT JBUXKEHHE [IEHTPA MACC HA IBYMEDHOH €BKJINIOBOI 11710C-

IIPU 3TOM

kocrn E? B mpoexunusax Ha cucreMy xoopamuHar Do, Ilpu stom Dry = D — cpeuHHBIH HePIEHIIKYIIAD
K IJIACTUHE, MPOXOAsAmii Yepe3 mentp Mace C' cumMmerpudHoro tena, a Dxo = Dy — och, BRIOpaHHAsT BIOJb
nactusbl. Tperbe ke ypaBHenue cucrembl (17) moyueHo U3 TeopeMbl 06 W3MEHEHUN KUHETHIECKOrO MOMEHTA,
TeJIa B MPOEKINHU HA, OCh, IMEPIEHINKYIAPHYI0 PUCYHKY.
Takum 06pasom, $HazoBbIM IPOCTPAHCTBOM CUCTEMbI JMHAMUYECKUX ypaBHenuil (17) Tperbero nopsiaka sis-
JISIETCS TIPSAMOE TPOM3BEIEHIE
R! x S! x 50(2) (20)
JBYMEDHOrO TUIMHIpa Ha aarebpy Jlu so(2). [Tpu 3ToM, MOCKOILKY CHUJIa BO3AEHCTBUS CPEIbl HE 3ABUCUT OT

HOJIOXKEHUs TeJIa Ha IJIOCKOCTH, CUCTEMa JuHaMudeckux ypasuenuit (17) omdessemesn om cucmemovr Kunema-
MUYECKUT YPasHeruldl 1 MOXKET ObITh PACCMOTPEHA CaMOCcToATeJbHO (cM. Takxke [44, 47, 50, 52, 65]).

5.1 Hewunrerpupyemasi CBg3b

Eciu paccmarpuBaerca 6oaee obwas 3adane O NBUMKEHWM TeJa [PH HAJIMYAN HEKOTOPOH ciaemsmieil cuiabt T,
OPOXOJIAIIEHl Yepe3 UEHTP Mace u 06ecnevuBaoNIeil BO BCe BpeMs JBHUKEHHs BBIIIOJIHEHUE DABEHCTBA, (CM. TAK¥Ke
[68, 73, 74, 79, 80])

v = const, (21)

To B cucreme (17) Bmecro F,, Gyner crodTh BeIUIUHA
T — s(a)v. (22)

B pesynbrare cOOTBETCTBYIONMIETO BHIOOPA BEIUUNHBI 1 CHEASINEH CHIbI MOXKHO (POPMATBHO T0OUTHCI BO BCE
BpeMs JBHXKEHHs BblOJHeHUs papercrsa (21) [81, 83, 89]. HeiicrBuresnbho, dhopmasibHO Bbipazkas Bejauduny 1’
B cuity cucrembl (17), nosyvum upu cos o # 0:

O\ s
T =Ty,(a, Q) = moQ?* + s(a)v? [1 — gy]v (04., v) (Szlor:z] . (23)

Ha nannyo npomnenypy MOXKHO MOCMOTPETH C ABYX mo3uiuii. Bo-mepBsix, mpow30mio npeobpa3oBaHue Cu-
CTEeMbl [IPH [OMOLIM HAJMYKs B CHCTeMe cieigdimedl cuibl (yiupasieHus), o0eciequBaolieii paccCMOTPEHUe UH-
TEPECYIONIEro HAC Kiaacca ApvKenuii (21). Bo-BTOpBIX, HA 9TO BCE MOXKHO MOCMOTPETh KAK Ha MPOLELYPY, MO3-
BOJISIOILYIO TOHU3UTh MOPAIOK cucrembl. JeiicrBurenuo, cucrema (17) B pesyabrare neiicTBUil OPOXKIAET
HE3aBUCUMYIO CUCTEMY BTOPOTO MOPSAIKA CJIEYIONIETO BUIA:

Qv cosa + Qucosa — o) =0,

. Q 24
IQ = YN (Oé, ) 5(0()1}27 ( )
v
B KOTOPOH K TIOCTOSIHHBIM TIAPAMETPAM, YKA3aHHBIM BBIIIE, NOOABIAETCA IAPAMETD V.
Kak Buzno u3 (24), na MmHOroo6paszuu
O:{(a,Q)GRQ: a:g+wk,kez} (25)

HeJIb3sl OJHO3HAYHO PA3PEIlUTh CUCTeMY OTHOCHTENbHO &. PopmanbHo, Takum o6pazoM, Ha MuOroobpasuu (25)
NPOUCXOAUT HAPYLICHUE TEOPEMbl €JIMHCTBEHHOCTU.
W3 sroro cieayer, uto cucrema (24) BHE M TOJIBKO BHE MHOroo06pasust (25) SKBUBAJIEHTHA CHCTEME
Q
ovyn (o, 3) s(a)

a=-Q4+ -2 =
I CcOoSs « (26)

. 1 Q
Q= 7UN (a, v) s(a)v?.



Hapymenne TeopeMbl eIMHCTBEHHOCTH JJIs CUCTeMBI (24) Ha MHOT00Opasuu (25) MPOUCXOMUT B CJAEAYIOIIEM
CMBICJIE: TIOUTH Yepe3 JII0OYI0 TOUKY U3 MHOrooOpasus (25) npoxoaut Heocobas (ha3oBas TPAGKTOPHUS CACTEMbI
(24), nepecekasi MHOr0OOpa3ue (25) MO NPSIMbBIM YTJIOM, & TAKKE CymecTByeT (ha3oBas TPAEKTOPUS, IIOJHOCTHIO
COBIIAIAIOIIASA BO BCE MOMEHTHI BPEMEHHM C yKa3aHHOH Toukoit. Ho dpusmaeckn 5T0 pasnudHbIe TPAEKTOPHH, TaK
KAK UM OTBEYAIOT PA3HbIE 3HAYEHUS CJEAAIEH Cuibl. IlokaxkeM 3T0.

Kak nokazamo Bblime, fyig nojzepxanug cBsasu Bujaa (21) neobxonumo Bbibpars 3uadenue 1 npu cosa # 0
B Buze (23).

IIycrs

lim %v@%fﬁWﬂL<Q)' (27)

a—m/2 Ccos

Bamernm, uto |L| < 400 TOrAa m TONBKO TOTHA, KOTIA

& o2 o

IMpu « = 7/2 Hy:KHAg BEIMUMHA CJACASANIEH CUIbI HAMIETCS U3 PABEHCTBA,

lim
a—/2

mo Lv?

7 (29)

T="T, (gi)) = moQ? —

e 3Ha4YeHue Q — II'POU3BOJIBHO.

C mpyro#i CTOPOHBI, TIOAIEPKUBAS C TOMOIIBIO CIEISAINeHl CUIBI BpAIlEHNe BOKPYT HEKOTOPO# Tourum W
eBK/IIOBOM miockocTd B2, HeoBX0IuMO BBIGPAT CIEIANIYIO CHIY B BHIE

™ mU2
T=T, (579) =Ry (30)

rae Ry — paccrosaue CW.,

Pasenctsa (29) u (30) onpemensior, BOOOIE TOBOPS, PA3JUUHbIE 3HAYEHUs caefdaneil cuinl T mjas nouTu
BCEX TOYEK MHOroobpaszus (25), 4To U JOKA3BIBAET CACJAHHOE 3aMEYaHUE.

5.2 IlocTrogHHasg CKOPOCTh IEHTPA MaccC

Eciu paccmarpuBaerca 6oaee obwas 3adane O NBUXKEHWM TeJa [IPH HAJAYAN HEKOTOPOH ciaemsmieil cuiabt T,
OPOXOJIAIIEll Yepe3 UEHTP Mace u 06ecnevuBaoNIeil BO BCe BpeMs JBHUKEHHs BBIIIOJIHEHUE DABEHCTBA, (CM. TAKIKe

36, 37, 66, 67])
V¢ = const (31)

(Vo — ckopocrb uenrpa mace), To B cucreme (17) BMmecto F; 10/12KHA CTOATD BEJIMYMHA, TOXKIECTBEHHO DABHAs
HYJIIO, TIOCKOJIbKY Ha TEJIO GYAeT MelCTBOBATH HEKOHCEPBATUBHAS Mapa CHUJI:

T — s(a)v® = 0. (32)
OueBnHO, ITO A7 ITOTO HYZKHO BBHIODATH BEJMUMHY Claensmeii cuabl 1 B Baje
T =Ty(a,Q) = s(a)v?, T =-8. (33)

Cayuaii (33) Boibopa Besnaunbl T caengineil CUIbl SIBJILETCA YaCTHBIM CJIy4aeM BO3MOXKHOCTH OTJEJIEHUs
HE3aBUCHMOI OJICUCTEMBI BTOPOIO MOPS/IKA [IOCJE HEKOTOPOro npeobpa3oBaHUsA CHCTEMBL TPETHEIO IHOPSIKA
(17).

HeiicTBUTEIBHO, IIyCTh BBIMIOJIHEHO CJIEIYyIOIIEe YCIOBUE HA BeauduHy 1':

Q Q Q Q
T=T,(a,Q) =7 <a, > v+ <a, ) Qu+ 73 (a, > =" <a, ) v (34)
v v v v

Cucremy (17) MOKHO HEPENHCATH B BUJIE

2 Q Ty (o, &) 02 — s(a)v?
O+ 0Q%cosa — osina [1}1/1\; (a, ) s(a)} = (o) () cos @,
v

m

2 Q 2_T , Q) ,,2
av + Qu — o cosa [UIyN (a, v) e(a)] —o?sina = s(@v ni (0. 5) v sin «, (35)



. 2 0
0= U—yN (a, ) s(a).
I v

Bsomna masee HoBble Ge3pa3mephbie (a30ByI0 IepeMeHHy0 u auddepeHinpoBanre mo GopMyIamM
Q=nvw, <->=nv <'>, n; >0, n; = const, (36)

cucreMa (35) nNpUBENETCs K CIEAYIONEMY BUILY:

o = —w+onw?sina + [IUyN (o, mw) s(a)] cos a—
ni

- T (a,nw) — s() sina

mm (38)

1
W' = Tz Uy (o, mw) s(a) —w Lgnlij (o, nw) 8(04)] sin o+

T ) — s(o
T onywd cos o — w— (@, mw) — 5(a) cos a,
mni

U(a,w) = —onyw? cos a + {I(TyN (o, mw) s(a)} sin a+
ni

T (¢, mw) — s(«@)

COS (.
mnq

Buano, uro B cucreme Tperbero nopsiaka (37), (38) Moxker 6bITh BbLIC/IEHA HE3ABUCHMAS [IOJICUCTEMA BTOPOrO
nopsizka (38), KoTopas MOXKET OBITh CAMOCTOATENLHO PACCMOTPEHA HA CBOEM JIBYMEPHOM (Da30BOM HUJIUHIDE.

B uwacTHOCTH, TPU BBINOIHEHUU YCI0BUs (33) TOIBKO UTO PACCMOTPEHHBIN IPUEM BBIIEJICHUS HE3ABUCUMON
MOJICACTEMBI BTOPOTO TIOPAIKA TAKZKE BO3MOYKEH.

§ 6 Cuayuaii oTcyTcTBUS 3aBUCUMOCTHA MOMEHTa HEKOHCEPBATUB-
HBIX CHUJI OT YIJIOBOW CKOPOCTH

Bribepem dbyuknuio ry B caeayworiem suje (nnacruna AB 3amaerca ypashnenuem 1y = 0):

ry = ( 0 ) — R(a)iy, (39)

rae

in =iy (f) (40)
(en. (11)).

B nmamem ciyuae
iy = ( ! > . (41)

ran = R(a), (42)

Takum 006pa3OM, BBITIOJHEHO PABEHCTBO

ybexk aiommee Hac 0 TOM, 9YTO B PACCMATPHUBAEMON CHCTEME OTCYTCTBYET 3aBUCHMOCTH MOMEHTA CHJI OT yTJIOBOM
cKopocTU (MMeeTCs JHIlb 3aBUCUMOCTb OT YIVIA ().

Nrak, 171 TOCTPOEHUSA CHJIOBOrO IOJA MCHOAb3yerca napa dbyukmmii R(a), s(«), madopManua 0 KOTOPBIX
HocuT KavecrBeHublil xapakrep. [1o106u0 BpiOOpy anasuruyeckux dyukuuii tuna Yamwbiruna [28, 29, 76, 77],
IUHAMWYIECKAE PYHKIUA $ 1 R IPAUMEM B CIEAYIOMEM BHIE:

R(a) = Asina, s(a) = Beosa, A, B > 0. (43)



6.1 IIpuBeageHHBIE CUCTEMBI

Teopema 6.1. Cosmecmnvie ypasuenus (8), (12), (15) npu ewnosnenuu yeaosut (39), (43) pedyyupyromes «
Junamumeckol cucmeme Ha Kacameabhom paccaoenuu (5) odnomepnott cepvr (4).

HeiicTBuTeIbHO, €CU BBECTH Oe3pa3MepHble mapaMerp u auddepeHImpoBaHue:

b, = Ing, n2 = N < >=Nglee <>, (44)
TO HOJY4YeHHOE ypaBHeHHe OyIeT IMeTh CJeIyIOmuii BU;:
& 4+ b, cosé +sinécosé = 0. (45)

®asosbiii moprper ypashenus (45) (o — £ —m, Q — ') m300paxkeH HA pUC. 3, IPU ITOM TOJNOKEHHUST
DPABHOBECHS HA OCH abIMCC PACIOIOXKEHBI uepes 7 /2.

=3 lopTPEeTH, NOPTPETH, MOPTPETH. ..
MaATHHE C NEPSEMEHHON AMCCHIaLMEN
(9]
//w}
// B o
d i .
v e
[0- eramaTencnas obnacTe
- xoneBaTentxas obmacTe

Puc. 3: ®a3oBbiit mopTper 3aKperieHHOr0 MasgTHUKA HA IUJIUHIPUIECKOM IMapHUPE B MOTOKE
HaberaroImeil cpeabl

ITocie :xe nepexona oT nepeMeHHbIX z (0 mepeMeHHbix z ¢M. (14)) K mepeMeHHbIM W

1

NpVoo

z1 — by sing, (46)

wp = —

ypasHenue (45) Oyaer IKBUBAJEHTHO CUCTEME

"= —w; — b, siné,
¢ e )
w; = siné cosé,
HA KacaTEJIbHOM DACCIOCHUH
T.S*{(w1;€) € R? : ¢ mod 27} (48)
omroMepHoif cdepbr S1{E € R : € mod 27},
Dazobiii noprper cucremsl (47) (o < € — T, w < wy) uzobpazken Ha puc. 4.

6.2 OOmue 3amedyannsda 060 MHTETPUPYEMOCTHI CUCTEMBI

g nosnHoro unrerpupoBanusg cucreMbl (47) BTOporo nopsizka HeoOX0AUMO 3HATH, BOOOIIE MOBOPs, OJIUH He3a~
BUCHUMDBIU IIEPBbBII HHTEIDAJ.

6.2.1 CwucreMa IIpu OTCYTCTBUU CUJIOBOTO MOJIA

PaccmoTpum cuctemy (47) ma KacarembroM pacciaoermn T,S'{wi; £} ommomeproit chepur SH{E}. TIpn sTowm

HOJIYYMM U3 Hee CUCTeMy KOHCepBaTUBHYIO. Bosee Toro, 6Gymem caurars, 9ro dbyukims (7) TOXKIECTBEHHO DAaBHA

Hymo (B yactHoctH, b, = 0, a rakxke kKoaddunuenT sin £ cos { BO BTOPOM ypaBHEHUH CUCTEMbI (47) 0TCyTCTBYET).
PaccmarpuBaemas cucrema mpuUMET BH

5/ = —Wq, (4:9)

w) = 0. (50)

Cucrema (49), (50) onuchIBAeT IBUYKEHUE TBEPAOrO TEJIa IPU OTCYTCTBUYU BHEIIHErO MOJIs CHIL.



Puc. 4: Jlunamudeckasi cucremMa ¢ mepeMeHHOI Juccunaueit

Ipepnoxenue 6.1. Cucmema (49), (50) obaadaem 00num GHAAUNMUNECKUM TEPEBIM UHMEZDAAOM CALOYIOULE20
suda:
Py (wy;€) = wi = Cy = const. (51)

Hanubiii nepsbiit unrerpan (51) koacrarupyer ToT (hakT, YTO HOCKOJIbKY BHEIIHErO 10/l CUJI HET, TO COXPar-
Hsiercst (BooOIIEe roBOpsi, HEHYJIeBasd) KOMIOHEHTa yrioBoil ckopoctu (“IByMepHOro’) TBEPAOro TeJia, & UMEHHO:

Q = Q" = const. (52)
B wacrrOCTH, HAaMMHUKe nepBoro maTerpana (51) oObACHIETCS PABEHCTBOM

1 2
2,,2
NV

wi = = (4 = const. (53)

6.2.2 Cucrema IIpn HAJIN4YUU KOHCEPBATUBHOI'O CHUJIOBOTO ITOJIA

Teneps paccmorpum cucremy (47) upu ycaosuu b, = 0. Ilpu sroM nosyumm cucremy KOHCEPBATUBHYIO. A
MMEHHO, HAJIMYUe CUIIOBOIO 1I0Jid Xapakrepusyer Ko3ddunuent siné cos{ Bo BropoM ypaBuenuu cucrembr (47)
(B orimume or cucremst (49), (50)). PaccmarpusBaemas cucreMa HpUMeT BUJL

o = —wy, (54)
w) = sin& cos €. (55)
Nrak, cucrema (54), (55) ONUCHIBAaET JABUIKEHHE TBEPOTO TEJa B KOHCEPBATHBHOM BHEITHEM I0JIe CHJL.

Tpennoxenne 6.2. Cucmema (54), (55) obaadaem 00num aHAGAUMUNECKUM NEPEBLM UHIMELPAAOM CACOYOULE20
suda:
Py (w3 ) = w? +sin? € = C) = const, (56)

ITepseiii uaTerpas (56) spisgercd UHTErpaJoM IIOJHOM SHEPruu.

6.3 TpaHcueHOeHTHBIII TIEPBBIII NHTETPAJI

Iepeiinem Tenepb K MHTErPUPOBAHUIO UCKOMOM CHCTEMBI BTOPOro nopsiaka (47) (6e3 BCaKuX ynporueHuit — mpu
Haju4IuK Beex KO3 MUIMEHTOB).
Conocrasum cucreme (47) HEABTOHOMHOE yDAaBHEHUE IIEPBOIO IIOPSIIKA

d .
wy smfcos'é . (57)
d¢ —w1 — by siné

Ucnonn3ys 3ameny 7 = sin &, nepenuineM ypasaenve (57) B aarebpandeckoM BUIE

dwq T
E— 58
dr —wy — b7 (58)

Jasiee, BB OMHODOIHYIO IIEPEMEHHYIO 110 (opMy/e wi = uT, npuBoauM ypasaenue (58) K ciezylonieit

KBaIpaType:
(=be ujdu _ dr (59)
1+ bu—+u2 7
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Nurerpuposanne KBaaparypsl (59) IPUBOAUT K PACCMOTPEHUIO TPeX Caydaes. HecloxHbIH ToacueT IpuBo-
JUT K CJAEAYIONIUM MEPBbIM MHTETrPaJaM.

I.b2 -4 <0.
2b. 2u + by
In(1 + byu + u?) + arct +In7% = const. 60
I1. »2 — 4 > 0.
by 2u+ b, + /b2 -4
In |1+ bu + u?| — In |22 TtV +1In7% = const. (61)
2—4  |2u+b, — /b2 —4
TIL. b2 — 4 = 0.
1
In|u—1]+ P + In|7| = const. (62)

JpyruMu coBaMu, B IepeMeHHBIX (£, w1 ) HANIEHHbIE TEPBbIe UHTErPAJIbl UMEIOT BUL:
I. b2 -4 <0.

. . 2b, 2wy + by siné
2 2 1
sin” € + b,wy sin€ + wi| X ex arct = const. 63
i & 4 by sin €+ wi) p{\/zx—bz g¢4—bzsmg} (©3)
IL. b2 — 4 > 0.
N
2 b, si \/b2 — 45si
[sin? & + byw; sin & + wi] x w1+ besing + /b, siné = const. (64)
2wy + by sin€ — /b2 —4siné

TIT. b2 — 4 = 0.
(wy —sin&) exp {bmﬁ} = const. (65)

wy — siné
Nrak, B paccMarpuBaeMOM CIydae CHCTEMA JTHHAMWYECKUX ypaBHEHHUH (47) mMeeT mepBblil MHTErpas, Bbl-
paxkarornuiica coorHomenuaMu (63)—(65) (mmun (60)—(62)), apraomuiica TpaHCieHAeHTHOH GyHKIHe $asoBbx
[EPEMEHHBIX (B CMBIC/IE KOMIIJIEKCHOIO QHAJIM3A) U BBIPAXKAIOMIUICA Yepe3 KOHEYHYI0 KOMOMHAIIUIO JIEMEHTap-
HBIX (DYHKITHH.

Teopema 6.2. Tpu epynno. coomuowenud (8), (12), (15) npu yeaosuaz (39), (43) obaadarom nepsvim unmezpa-
AOM. (NOAHBIM HABOPOM,), ACAAIOUUMCA TNPAHCUEHIEHMHOT PYHKUUET ¢ TOYKY 3DEHUA KOMNAEKCHOZ0 GHAAUSA,
BOPANCAHOULUMCHA HEPES KOHEUHYIO KOMOUHAUUIO IACMEHTNADHOLT BYHKUUT.

6.4 TomoJsiormueckmue aHaJIOrum

Ipenbasum majiee nBe IPYNIBL AHAJIOTHI, CBA3AHHBIX ¢ cucTeMoit (17), onmchiBatolieil IBHKeHHE CBOOOTHOTO
TBEP/OrO TEJIA P HAJIUIUU CIAeAAIeil ChilbL.
Ilepsaa epynna anaro2ud KacaeTcs Cydas HAJIWTHs B CHCTeMe HemHTerpupyemoi ceszu (21). B mamnom
colydae TUHAMMYECKas 9acTh YPaBHEHHUI NBUXKEHUsI IIPH HEKOTOPBIX YCJIOBUSAX MPUBOAUTCA K cucreMe (26).
ITpn Bemonnenun ycnosuii (39), (43) cucrema (26) npumer BT

o = —w+bsina,
A (66)
w' = sin acos «,
ecju BBecTd 6e3pa3MepHble Lapamerp, nepeMennyio u puddepernuposanue 10 anajgoruu ¢ (44):
AB
b=ong, n2 = - Q = novw, < ->=nov <'>. (67)

Teopema 6.3. Cucmema (66) (dra c60600n020 mena) sxsusarenmua cucmeme (47) (daa 3axpensennozo ma-
AMHUKGA).

HeiicTBUTEIEHO, JOCTATOIHO TIOIOKATD
E=a, wy =w, by =—b. (68)

Caencrsue 6.1. 1. @asoswiii nopmpem cucmemv, (66) usobpasicen na puc. 4.
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2. Yeoa amaku o 0an c60600n020 meaa (puc. 2) 5K6UBGACHIMEN Y2AY OMEAOHEHUA & 3AKDPENACHHOZ0 MAATN-
Huka (puc. 1).

3. Paccmosnue 0 = CD das c60600n020 measa coomeememesyem daune depacasku | = OD zaxpenaennozo
MAATHUKG.

4. Iepewviii unmezpan cucmemovs (66) moorcem bums asmomamusecku noayuen wepes pasencmea (60)—(62)
(unu (63)-(65)) nocae nodemanosox (68) (cm. maxorce [76, 77]):

L -4<0.
2b 2w — bsi
[sin? o — bwsin a + w?] x exp {—arctgwsma} = const. (69)
V4 -2 V4 —b?sina
IL b —4>0.
b/VBZ—4
[sin® @ — bwsin a + w?] x 2w —bsina + vb* — dsina = const. (70)
2w —bsina — Vb? — 4dsina
IIT. 12 — 4 = 0. .
(w—sina) exp {sma} = const. (71)
w—sina

Bmopas epynna ananrozuil Kacaercs Ciaydad JIBUXKEHWsS € MOCTOSHHONW CKOPOCTBIO IEHTPA MACC TEja, T.e.
KOTJIa BBITIOJTHEHO CBOMCTBO (31). B maHHOM ciiyvuae IMHAMUYMECKAs 9ACTh YDABHEHUH IBUKEHUS TPU HEKOTOPHIX
YCJIOBHAX MPHUBOANTCH K cucTeMe (38).

Torua, B cuiy yeaosuii (31), (39), (43), (67) upeobpazoBanHas AMHAMUYECKAs YaCTh YDABHEHUIl JIBUKEHUSI
(cucrema (38)) mpuMeT BUI AHAJIUTUUECKOH CHCTEMBI

o = —w+ bsinacos? o + bw? sin a, (72)
2
W' = sinacos o — bwsin® a cos a + bw? cos o,
TIPHM 3TOM BBIOMPAasi MMOCTOAHHYIO N1 CAEIYIONAM OOPA3OM:
niy = nog. (73)

Ecsnu Bompoc o nepBoM uHTErpaje cucreMbl (66) pernaercs ¢ HOMOIIBIO ciaeacTsud 6.1, TO aHaJIOrMYHbBLI
BOIIPOC JJisg cucreMbl (72) pemiaer cienyroiiaa Teopema 6.4.
st aroro BBegeM cieyiomue o603HavYeHus U HOBbIE 1iepemennbie (cp. ¢ [41, 42]):

1
Ci=2-bCo=b>0,C3=-2-b<0, u =w—sina, v1 =w +sina, u; = vit1, v%:—, (74)
q1

TOT/Ia BOIPOC O ABHOM BHJE MCKOMOI'O IIEPBOIO MHTErPaJja CBOAUTCA K PENIeHUIO JUHEHHOI0 HEeOJIHOPOIHOrO
YDaBHEHU:

d
7d(th =ai(t1)q1 + az(t1), (75)
1
TIe
2(C3t1 + 02) 4C5t
)= ———7— )= —5——.

O61miee pemenne ypaaenusa (75) nMmeer cuegytomnii Buj [66, 67]:

I.b<2.
2b 2+b
q1(t1) = k(t1)(—Cst? + C1) exp {—marctgw Qi_btl} + const. (77)
I1. b > 2. ,
C2 /T Cs
V—=Ci ++v—Cst
@ (t) = k(t)(=Cst2 + C4) ¢f01 - mﬁé + const. (78)
IIL. b= 2. )
q1(t1) = k(t1)t? exp {151} + const, (79)

TIPU 3TOM
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ILb<2 ; ) .
2 2 .
k(t1) = 8exp{\/m L/msm% 2C082<:| } + const, (80)
2—-b
tg( =/ ——11.
86 2+0b "
II. b > 2. ;
k(t) = £V b pIEEe g, 1
( 1) ‘<| + b+2\/l)27—4‘<‘ cons ( )
b—2 (1-¢
th=/—— [ —].
Vo2 \1+¢
III. b = 2.

uh)__zhjlxmp{_;}. (82)

1 1

Takum o6pasom, paBercrsa (77)—(82) mMO3BONLAIOT MOMYIUTh UCKOMBII TIEPBBI uHTErpaJ cucremsl (72), uc-
nosb3ys 0003HadYeHNns U 3aMeHbl (74).

Teopema 6.4. Ilepswiii unmezpan cucmems, (72) asasemes mpancuyendenmnot dynxyuel ceour Pasoenr ne-
PEMEHHBLL U GOLPANCAETNCA 4EPE3 KOHEYHYIO KOMOUHAUUIO INEMENTNAPHOIL PYHKUUT.

BBumgy rpoMo3AKOCTH BHIA OJYIE€HHOTO MEPBOTO HHTErPAJIa MPUBEAEM ero Jjuilb B ciay4ae I11:

= C = const. (83)

{sinaer} 1 — dwsin o + 4w?
exp < —
sino — w

(w —sina)?
Teopema 6.5. Ilepswuiii unmezpan cucmemss (66) nocmoanen na Pazosur mpaexmopuar cucmemss (72).

Jloxazameavcmeo poseneM nms ciaydas b = 2. JIefCTBUTENBHO, TIEPEITHITIEM MEPBbIi HHTErpar (83) cucTeMb
(72) B crenyromeM Buje:

oxp { novsin o + } ngv* — 2bngv§dsin a 4 202 — const. (84)

novsina — Q (Q — nousin a)?

Buaro, 9TO 9MCIATENH BTOPOrO MHOXKHUTENS TIPOTIOPIMOHANIEH KBAAPATY CKOPOCTH TEHTpa Mace Tena Vo
¢ mocTosHHbIM Kodbdunmentom ng. Ho, B cumy (31), JaHHas BeIMYMHA HOCTOAHHA Ha TPACKTOPUAX CHCTEMBI
(72). BHauUT HA HUX MOCTOSHHA U (DYHKIIAS

novsina + VCQ«
ex
P novsina — Q | (Q — novsina)?

= const. (85)

Bosemem mamee cremens (—1/2) or nesoit wactn pasencrsa (85) w 3akmOIaeM, 9TO Craenyromas QyHKITHs
TaKKe IIOCTOSHHA HA (DAa30BBIX TPAEKTOPUIX cUCTEMBIL (72):

Q4+ novsina .
~~ . Q - = .
exp { 30— novsin o) } ( nov sin ) = const (86)

A Bor reueps, pazuenus pasencrso (86) na /e, nouyuum OYHKUMIO

exp {Qnovsma} (©Q — novsin ) = const, (87)

— nov sin a

HOCTOSIHHYIO Ha (ha30BbIX TpaekTopusax cucrembl (72). Ho nepsbiii uaTerpas (87) HOJTHOCTHIO AHAJOTUYEH T1€D-
BoMy uHTErpajiy (71), 4ro u TpeGoBaJoCh.

Wtak, MBI MMEEM CJIEIYIOMIHAE TOMOJIOTHYEKNE W MEXAHWYECKHE AHAJOTMHM B TOM CMBICJIE, B KOTOPOM OHH
OO'bSCHEHBI BBIIIIE.

1) JIpuskeHne 3aKperieHHoro Ha, IUINHIPUIECKOM MapHupe hpU3nIecKoro MagTHUKA B MOTOKe Haberalomei
cpebl (HEKOHCEPBATUBHOE T10JIE CHJI).

2) IlnockonapaliienbHoe JBUKEeHNe CBOBGOIHOIO TBEPIOrO TEIa B HEKOHCEPBATUBHOM T10JIE CUJI CO CJedIeit
cwiioil (IpU HAJMYWKM HEMHTErPUPYEMOi CBA3M).

3) ILiockonapaJuiesbHOe CJIOKHOE JABUXKEHHE TBEPJOrO TEJIa, BPALIAIOIIErOCsd BOKPYD IEHTPA MacC, JABHXKY-
HIErocs NPAMOJIMHEHO M PABHOMEPHO, U HAXOJSIIErOCs B HEKOHCEPBATUBHOM I10JIE CHLIL.

O Gosee 001X TOMOJIOTHYECKNX AHATIOTHAX ¢M. Takxke [1, 9, 17, 18, 26, 27, 33, 34].
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§ 7 Ciyuaii 3aBUCHUMOCTH MOMEHTa HEKOHCEPBATUBHBIX CUJI OT yT-
JIOBOM CKOpPOCTH

7.1 DBseneHme 3aBUCHMOCTH OT YIJIOBOII CKOPOCTU

Jlanras paboTa MOCBAIIEHA JUHAMAKE JBYMEPHOTO TBEPIOTO TeJIa Ha MIocKocTr. Ho, TOCKOMbKY TaHHbIH pasmen
MOCBSIIIEH MCCIIEIOBAHMIO CIIyYIasi IBAXKEHUS TP HAJTMYNHU 3aBACUMOCTH MOMEHTA JeHCTBYIOIIAX CHJI OT yTJIOBOH
CKOPOCTH, BBEIEM TaKyIO 3aBHCHMOCTEH ¢ Oosjee obmpx mosunmii. K ToMy ke, TaHHAA TOYKA 3PEHHA IOMOXKET
HAM BBOOWTDH 3Ty 3aBHCHMOCTD M JJI TPEXMEPHBIX, M JJ1d MHOTOMEDHBIX TEJL.

IMycrs © = (21N, Toan) — KOOpAMHATHL TOYKU [N NPUIOKEHUsT HEKOHCEPBATUBHOM CHIBL (BO3IEHCTBIA CPEJIbI)
Ha OJfHOMEDHYIO mactuny, = (Q1,Q2) — KOMIOHEHTBI, He 3aBUCHINUE OT YIJIOBOH CKOpocTH. ByjeM BBOAUTH
sapucumocTh byHKIHi (1N, Zan) = (£N, YN ) OT YTIOBOH CKOPOCTH JIWITB THHEHHBIM 00PA30M, TIOCKOIBKY CAMO
JIaHHOE BBeJIEHNE anpuopu He oveBuuHO [2, 3, 8, 12, 13, 59, 61, 69, 87, 88, 90, 91].

WTak, mpuMeM CIemyIonLyio 3aBACHMOCTD:

r=Q+R, (88)

rme R = (Ry, R2) — BeKTOP-QYHKIWsI, COMEPKAIAS YIIIOBYIO CKOPOCTh. ITpn 3ToM 3aBHCHMOCTE DyHKIHE R OT
YTJIOBOM CKOPOCTH — TUPOCKOMUYECKAsT:

()= (e )0 =

3mech (h1,ha) — HEKOTOPBIE TIOIOKUTENBHBIE TTAPAMETDHI.
Temepb, MpUMEHUTETHHO K HAIIeH 3ajat4e, TOCKOIbKY 1y = n = 0, TO

Q
ToN = YN = Q2 — hi—. (90)
UD

Takum obpazom, dyHKuug Ty BbIOUpaercd B cieayioniem Buie (miactuna AB 3anaercd ypaBHeHueM iy =
0):

ry = ( xSN ) ~ R(a)iy — 0, (91)

rie

(em. (6), (11)).

B nmamewm ciayvdae

Takum 06pa3oM, BBHITIOJHEHO PABEHCTBO

Q
ToN = R(Oé) - hlg, (94)

ybesk 1arolee Hac O TOM, 9TO B PACCMATPUBAEMOI CUCTeMe TTPUCYTCTBYeT TaK¥Ke eIlle W TOMOJTHUTEILHBIN TeMII-
dupyromumii (a B HEKOTOPBIX 001aCTAX (PA30BOTO MPOCTPAHCTEA W PATOHSIONIAN) MOMEHT HEKOHCCPBATHBHON
CUJIBI (T.€. IPUCYTCTBYET 3ABMCUMOCTH MOMEHTA OT YIIIOBOH CKOPOCTH).

Nrak, A1 IHOCTPOEHUSI CHJIOBOIO IIOJIs TaKzKe MCIosab3yercda napa gyukuuii R(a), s(«), undopmanusa o

KOTODBIX HOCUT KadeCTBeHHbIH XxapakTep. [1om06H0 BRIGOPY aHamuTuueckux dbyHKwil Tuma Yarisrana [28, 29,
39, 51, 78, 82, 84, 85, 86|, quHaMudeckue GYHKIMN § U R IpuMeM B CJIEIYIONEM BHE:

R(a) = Asina, s(a) = Beosa, A, B > 0. (95)

7.2 IlpuBemeHHBIE CHCTEMBI

Teopema 7.1. Cosmecmuuvie ypasuenus (8), (12), (15) npu ewnoanenuu yeaosut (91), (95) pedyyupyromes «
QUHAMUMECKOT, CUCTNEME HA KACAMEALHOM Paccaoenut (5) oonomephnoti cepo (4).



14

JeficTBUTEILHO, €CIU BBECTU Oe3pasMepHbie mapaMerphl u aud hepeHIinpoBaHue:

AB h1B
b, =1 2 T Hiy, = ——, < >=ngls <'> 96
o, Mg 70 Tng oV ) (96)
TO TIOJIy4YeHHOe ypaBHeHHe OyleT UMeThb CJIeILyIONIi BII;
" + (be — Hy, )& cos€ +siné cos € = 0. (97)

®asosbiii noprper ypasaerusa (97) (a « & —m, Q — &) npu b, > Hy, m300pazked HA PUC. 3, TIPU ITOM
HOJIO’KEHHA PABHOBECHA HA OCH abmmce pacmonoxkensl depes /2. Ipu b, < Hp. da30BbIii OPTpET ypaBHEHHA
(97) coBuagaer ¢ ha3oBbIM 1IOPTPETOM, U300PAZKEHHbIM Ha puc. 3, yxke 6e3 cupura 110 ocu abuucce (a > &,  «

£).

TToce ke mepexona OT TMepeMeHHBIX z (0 epeMeHHbIX z ¢M. (14)) K mepeMeHHBIM w

1 1 .
W=7 b (novoo z1 + bs smf) ) (98)

ypasuenue (97) Oyaer 9KBUBAJEHTHO CUCTEME

fl = 7(1 -+ b*Hl*)wl — b* sinf,

99
w) = sin€ cos & + Hy,wy cosé. (99)

Dazoswiit noprper cucremst (99) (o < £ — m, w <> wy) upu by, > Hy. uzobpaxken na puc. 4. Ilpu b, < Hy.
dbazoswrit noprper cucremsl (99) cosmamaet ¢ Ha3soBBIM TIOPTPETOM, U30OPAYKEHHBIM Ha, puC. 4, yxke 6€3 CIBHUra,
no ocu abruce (a «— &, Q «— &),

7.3 TpaucneHOeHTHBII NEPBBIi NHTErpPaJI

CormocraBum cucreme (99) HEABTOHOMHOE yPABHEHUE IIEPBOIO HOPSIKA

dwy sin€ cos& + Hi,wp cosé

- : 100
d¢  —(1+b.Hy)wy — bysing (100)
Ucnonb3ys 3ameny 7 = sin, nepenuiiem ypasuerre (100) B anrebpanyeckoM Bue
d Hy.
= T (101)

? - —(1 + b*Hl*)’LUl — b*T‘

Jasiee, BBOIS OIHOPOAHYIO EPEMEHHYIO 10 GopMyie wi = uT, npuBoguM ypasaenue (101) x ciemyronieit

KBaJparype:
(=bs — (1 4+ by Hyi)u)du _dr (102)
1+ (b + Hiu+ (1 +b,Hy)u2 1
Nurerpuposanue kaaparypbl (102) IpuBOAUT K PACCMOTPEHUIO TPEX CAydaes. HecooXKHBIN mojcaer npu-
BOJIUT K CJIEAYIONIUM II€PBbIM HHTErDaJiaM.

I. |b>,< —Hl*‘ < 2.

In(1 4 (by + Hy)u+ (14 b Hy)u?)+

2b, 2(1+ b Hy, by + Hy.
+ arctg (1+ wut (b + Hu) +1In7? = const. (103)
4 — (b — Hys)? 4 — (by — Hy.)?

II. |b, — Hy,| > 2.
In |1+ (bs + Hi)u + (1 + b Hy)u?| 4+ In 72—

1+ b Hy.
B b1+ b.Hyy N 2(1+ b, Hy.)?u+ (b 4+ Hy)V/T+ b Hy, 4 /(b — Hi, )2 — 4 _ (104)
(b — Hi)?2 =4 |2(1 4 b H1,)3?u+ (by + Hi )V + b Hyy — /(b — Hi )2 — 4
= const.
IIL |b, — Hy.| = 2.
In |u + 2(?*++bf1;f*1*) T b*;l**)uil—lzb* AL +In|7| = const. (105)
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B mepemenubrx (£, w1) HaliIeHHbIE TEPBbIE MHTETPAJIBI HMEIOT IOCTATOYHO TPOMO3IKUi Bu. Tem He MeHee,
B cay4ae ITI mb1 mpuBeneM ero B 9BHOM BUJE:

b*+H1* . (_b*+H1*)Sln§ _
(“’1 b Slng) exp { 2L+ b Hywyws + (b + Hyo)sing | 00" (106)

Nrak, B paccMarpuBaeMOM Clydae CHCTEMa JUNHAMUYECKNX ypasHennii (99) uMeer mepBblil HHTErpasl, BbIpa-
skatoruiics coornotennamu (103)—(105) (unu, B wacraocty, B caydae IIT (106)), apisomuiica TpaHCHEHIEHT-
HO¥ (dbyHKIHeH Ga30BbIX MepeMeHHBIX (B CMbICTE KOMIUIEKCHOTO aHAIN3a) M BhIPAXKAIOIINCS Yepe3 KOHETHYIO
KOMOMHAIMIO 3JIeMEHTaPHBIX (DYHKIIHIA.

Teopema 7.2. Tpu epynnot coomuowenud (8), (12), (15) npu yeaosuax (91), (95) obaadarom nepsvim unmezpa-
A0M (TOAHBIM HAOGOPOM), ACAFIOULUMCA MPEHCUeHdenmHol GYnKyuet ¢ MowKy 3PEHUL KOMTAEKCHOZ0 GHAAUSA,
BBLPAINCAIOULUMEA, HEPES KOEUNYIO KOMOUHAUUIO IACMEHTAPHOLT HYHKUBT.

7.4 TomoJsiormueckue aHaJIOTUA

Ipexbasum nasee eme gBe IPYIIBLL AHAJIOTHI, CBA3AHHBIX ¢ cucreMoil (17), onuchIBaomed JIBIXKEeHHEe CBODOI-
HOTO TBEP/IOTO TeJa MTPY HAJIMYWH CIJIE/SIIEH CHIIBL.

Ilepsaa epynna ananoeudl CHOBA KaCAETCsS CIydas HAIUYHS B CHCTeMe HEHMHTErpupyemoit csasu (21). B
JAHHOM CJIydae JTMHAMUYECKAs 9aCTh YPABHEHUH JBUZKEHWs IPH HEKOTOPBIX YCJIOBUAX MPUBOJUTCA K CHCTEME
(26).

ITpu Bemonnenun ycnosuii (91), (95) cucrema (26) npumer B

/

o =—(14bHy)w + bsina,

/ . (107)
w' =sinacosa — Hiw cos «,
ecau BBecTH Ge3pa3MepHbIe apaMerphbl, nepeMennyto u auddepeniuposanue 1o ananoruu ¢ (96):
AB h,B
b= ong, ng:T, lell—, Q= novw, <->=mnov <'>. (108)
no

Teopema 7.3. Cucmema (107) (0aa c60600n020 meaa) sxeusarenmna cucmeme (99) (0as saxpeniennoeo ma-
AMHUKG).

ﬂeﬁCTBHTeHbHO, JOCTATOYHO ITOJIOZKHUTH
5 =, W) =W, b* = 767 Hl* = 7H1~ (109)

Caepcrsue 7.1. 1. @asoswiii nopmpem cucmemss (107) npu by > Hi. usobpasicen na puc. 4. Hpu b, < Hi,
dasosovili nopmpem cucmemo, (107) coenadaem ¢ Gasoso.m NOPIMPEMOM, US0OPANCEHHBM HAE PUC. 4, HO CO
cdsuzom no ocu abyuce (o — o+ 7).

2. Yeon amaku o 0aa c6060d1020 meaa (puc. 2) sKGUSAAEHIMEN Y2y OTKAOHEHUS § 3AKPENAEHHOZ0 MAAM-
nuka (puc. 1).

3. Paccmosnue 0 = CD das c60600n020 meaa coomsememeyem daune depocasru | = OD saxpensennozo
MAFTHUKG.

4. Hepewii unmezpan cucmemo, (107) moorcem Goimo asmomamuyecku noayuen wepesd pasencmsea (100)-
(102) (uaw (103)-(105)) nocae nodemanosor (109) (cm. maxoice [56, 57, 63]).

B mepevennbix (o, w) HalieHHBIE TEPBBIE HHTETPATBI IMEKOT JOCTATOMHO TPOMO3IKHI Buz. Tem He Menee,
B cay4ae II1 mb1 mpuBeseM ero B SBHOM BHIE:

w—ib—'_Hl sina | e (b— Hy)sina = t (110)
2(1 + bHy) P20+ oH)w — (b + Hy)sina J OO0

Bmopas epynna ananozuil Kacaercs ciaydad JIBUXKEHWsS ¢ MOCTOSHHONW CKOPOCTBIO IEHTPA MACC Tea, T.e.
KOTJIa BBIOJIHEHO CBOHCTBO (31). B mannoM ciiydae nuHaMUYeCKas YacTh YPABHEHUN NBUKEHUSA IPU HEKOTOPHIX
YCJIOBHAX MPHUBOANTCH K cucTeMe (38).

Torua, B cuiy yeaosuii (31), (91), (95), (108) upeobpazoBannas JuHAMUYECKAd YACTh YDABHEHUHN JIBUKEHUSI
(cucrema (38)) mpuMeT BUI AHAJIUTUIECKOH CUCTEMBI

o' = —w+ bsinacos? a + bw? sin a — bHyw cos? a,

W' = sinacos a — bwsin? acos a + bw? cos a+ (111)

+bH,w? sin acos o« — Hyw cos «,
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IpU 3TOM BbI6I/IpaH TIOCTOAHHYIO T CACAYIOIIUM 06pa30M:
niy = nop. (112)

Ecnu Bompoc o nepsom unaTerpasie cucrembl (107) permaercss ¢ IOMOIIBIO CAEACTBUA 7.1, TO aHAJOrMYHBLI
Bompoc st cucrembl (111) permaer cieayiomas Teopema 7.4.
i1st 3TOrO0 BBEAEM Crrenyomye 0O03HAMEHN W HOBBIE TIEPEMEHHbBIE:

b bH H b bH H b bH H
A= - ——L L Ay =14+ 450, Ag=1— -+ —L -4
2 2 2 2 2 2 2 2 2
1 (113)
U] =w —sina, v; =w +sina, u; = vty vf = —,
q1

TOIJId BOIPOC O ABHOM BHJE€ MCKOMOI'O IIEPBOI'O MHTEIDaJja CBOJAUTCH K PELIeHUIO JMHEeHHOI0 HEeOIHOPO/HOIO
YDPaBHEHUS:

d
M asfir)ar + aaltr), (114
t1
rie ,
Q(Agtl — Al) 2b(_tl + Hl(tl — 1)/4)>
a1(tr) Ayt? + bHyty + Ag’ ax(t) Axt? £ bHyty + As (115)
Ob6uee pemenue ypapuenus (114) umeer cieiyrouuii B
I |b— Hy| < 2.
ql(tl) = k(tl)(AQt% -+ letl + Ag)X
2(b—bH, — H 24+b+bH + H bH
X exp —uarctg Rl e Lt + . . (116)
V4 —(b— Hyp)? 4 —(b— Hyp)? V4 —(b— Hyp)?
IL [b— Hy| > 2.
ql(tl) = k(tl)(AQt% + letl + AJ)X
(b—bHy—H1)/A/4—(b—H; )2
I—(b—H)2+ (2+b+bH, + H))t; +bH; o ' 417
4—(b—Hy)2— (2+b+bH, + Hy)t; — bH; '

IIL. |b— Hy| = 2.

B bH, > 2(b — Hy)
ai(t) = k(t) <t1 + 2A2> P { (2+ b+ bHy + Hy)ty + bHy |~ (118)

st noucka pewmenusi HeoqHOpoAHOro ypasrenus (114), (115) naxouures Besuwuuna k kax Gynkuus tq, Bbl-
PAKAIOMASICS Yepe3 KOHEUHYI0 KOMOMHAIIUIO 3JIeMEHTAPHBIX (hyHKIWI. BBAIY IPOMO3IKOCTH BBIKJIAIOK TATb-
Helmme paccyXKIAEHUs TPUBOAATCS JUIb B caydae 111

Takum obpaszom, pasencrsa (116)—(118) no3BOAAIOT MOSYIUTH UCKOMBIA NepBbIi uuTerpan cucremst (111),
ucnonb3ys 0bo3HaveHns u 3amMensl (113).

Teopema 7.4. Iepeoviti unmeepans cucmemv, (111) asasemes mpancyendenmuot Pynryuet ceoux Gasosoir
NEPEMEHHBLE U BVLPANCAELMCS UEPES KOHEUHYI KOMOUHAUUIO INEMEHMAPHOLE PYHKUU.

Beumy rpoMo3aKOCTH BHIa TOJYYEHHOTO MTEPBOTO WHTErpasia MPUBEAeM ero Jullhb B ciaydae IT1:

—2(b— Hy)sina 1 —dwsina + 4w?
P20+ oH)w — (b + Hy)sina | (w—2sina/(b+ Hy))2

C1 = const. (119)

Teopema 7.5. Ilepewiii unmezpas cucmemos (107) nocmosanen na Ppazoewx mpaexmopuax cucmemss (111).

Aoxasameavcmeo nposeneM ngisi caydas |b— Hy| = 2. JlefictBurenbro, nepenumem nepsbiii naTerpas (119)

B CJIEIYIOIIEM BHJIE:
—2nov(b — Hy) sin« ngv? — dngudsin a + 402

ex
P 2(1+bH1)2 — ngv(b+ Hy)sina | (Q —2ngvsina/(b+ Hy))?

= const. (120)

Brawo, 9uTo wmcamTens BTOPOro MHOKHUTENS TPONOPIUOHAIEH KBAIPATy CKOPOCTH IEHTPA Macc Tena Vo ¢
nocrosgatbiM kKoadbdunmenrom. Ho, B cuay (31), nannas BejmyuHa IOCTOsHHA HA TPAaeKTOpusx cucrembl (111).
SHAYUT HA HUX MOCTOSHHA U (DYHKITHUS

-2 b— Hy)si V2
exp { 3 nov( ysina } c = const. (121)

14+ bH)Q —nov(b+ Hy)sina | (2 —2ngvsina/(b+ Hyp))?
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Bosbmem manee cremens (—1/2) ot meBoii wactu pasenctsa (121) u 3akao9aeM, uTo ciaeayiomas GyHKIUs
TaKKe MOCTOsSTHHA Ha (Da30BbIX TPAeKTOPHsX chucreMbl (111):

nov(b — Hi)sin
P 2(1+bH1)Q — ngv(b+ Hy)sina

} (@ —2ngusina/(b+ Hy)) = const. (122)

Teneps sicho, uro dyukuua (122) skpupasentra dyukiuu (110), nockonbky B caygae I11 Boimosnneno cie-
JYIOIIEE PABEHCTBO:
(b4 Hy)* = 4(1 4 bH,). (123)

WTak, MbI UMeeM CJEAYIONIHEe TOMOJOTHYEKNe W MEXaHWIeCKNe AHAJOTHU B TOM CMBIC/IE, B KOTOPOM OHU
00bSCHEHBI BBIIIIE.

1) JBukenue 3aKpelsieHHONO HA IUIMHAPUYECKOM MAapHUpPE (DU3MYECKOrO MAATHHKA B IIOTOKE Haberaio-
el cpelibl (HEKOHCEPBATUBHOE 1I0J1€ CHJI LIPU y4eTe JOLOJHUTEJbHON 3aBUCUMOCTH MOMEHTa CUJI OT YIJIOBOMN
CKOPOCTH).

2) IlnockonapaliienbHoe JBUKEHIE CBOBGOIHOIO TBEPIOro TEIa B HEKOHCEPBATUBHOM T10JIE CUJI CO CIedIeit
cuiioil (Ipy HAJMYUU HEMHTErPUPYEMOH CBA3U U [PU ydYeTe JOMOJHUTEIHHON 3aBUCHMMOCTH MOMEHTa CHJI OT
YIJI0BOI CKOPOCTH).

3) ILiockonapasuiesnbHOe CJAOKHOE JABUKEHUE TBEPJOIO TeJIa, BPAIIAIOIIEIOCs BOKPYD IEHTPA Mace, JABUXKY-
IErocs TMPSAMOUHENHO U PABHOMEPHO, M HAXOISAIIETOCHd B HEKOHCEPBATWUBHOM IOJIe CUJI MPU yYeTe MOMOJHU-
TEJBHON 3aBUCUMOCTH MOMEHTA CHUJI OT yIJIOBOM CKOPOCTH.

O 6ostee 00ImUX TOMOJOTHYIECKUX AHAJIOTHUAX CM. Takke [45, 46].
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