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Ïåðâûå èíòåãðàëû äèíàìè÷åñêèõ ñèñòåì ñ
ïåðåìåííîé äèññèïàöèåé â äèíàìèêå òâåðäîãî

òåëà
Ì. Â. Øàìîëèí

ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà, Ìîñêâà, Ðîññèÿ
Àííîòàöèÿ: Èçó÷àþòñÿ âîïðîñû íàëè÷èÿ òðàíñöåíäåíòíûõ ïåðâûõ èí-
òåãðàëîâ äëÿ êëàññîâ ìåõàíè÷åñêèõ ñèñòåì ñ ñèììåòðèÿìè. Ïðè ýòîì ïî-
ëó÷åíû äîñòàòî÷íûå óñëîâèÿ íàëè÷èÿ â íåàâòîíîìíûõ îäíîðîäíûõ ñèñòå-
ìàõ âòîðîãî ïîðÿäêà ïåðâûõ èíòåãðàëîâ, ÿâëÿþùèõñÿ òðàíñöåíäåíòíûìè
ôóíêöèÿìè, êàê â ñìûñëå òåîðèè ýëåìåíòàðíûõ ôóíêöèé, òàê è â ñìûñ-
ëå êîìïëåêñíîãî àíàëèçà, è âûðàæàþùèõñÿ ÷åðåç êîíå÷íóþ êîìáèíàöèþ
ýëåìåíòàðíûõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: äèíàìè÷åñêàÿ ñèñòåìà, èíòåãðèðóåìîñòü â òðàíñöåí-
äåíòíûõ ôóíêöèÿõ
1. Ïðèìåð ñèñòåìû íà êàñàòåëüíîì ðàññëîåíèè ê ñôåðå
Ðàññìîòðèì ñëåäóþùóþ äèíàìè÷åñêóþ ñèñòåìó:

(1)
θ̈ + bθ̇ cos θ + sin θ cos θ − ψ̇2 sin θ

cos θ
= 0,

ψ̈ + bψ̇ cos θ + θ̇ψ̇

[
1 + cos2 θ

sin θ cos θ

]
= 0

íà êàñàòåëüíîì ðàññëîåíèè T∗S2 äâóìåðíîé ñôåðû S2{θ, ψ}. Äàí-
íàÿ ñèñòåìà îïèñûâàåò ñôåðè÷åñêèé ìàÿòíèê, ïîìåùåííûé â ïîòîê
íàáåãàþùåé ñðåäû (ñì. òàêæå [1]). Ïðè ýòîì â ñèñòåìå ïðèñóòñòâó-
åò êîíñåðâàòèâíûé ìîìåíò sin θ cos θ, à òàêæå ìîìåíò ñèëû, ëèíåé-
íûì îáðàçîì çàâèñÿùèé îò ñêîðîñòè ñ ïåðåìåííûì êîýôôèöèåíòîì:
b

(
θ̇

ψ̇

)
cos θ.

Îñòàâøèåñÿ êîýôôèöèåíòû â óðàâíåíèÿõ ÿâëÿþòñÿ êîýôôèöèåí-
òàìè ñâÿçíîñòè, à èìåííî:

Γθ
ψψ = − sin θ

cos θ
, Γψ

θψ =
1 + cos2 θ

sin θ cos θ
.

Ñèñòåìà (1) ôàêòè÷åñêè èìååò ïîðÿäîê 3, ïîñêîëüêó ïåðåìåííàÿ
ψ ÿâëÿåòñÿ öèêëè÷åñêîé, ïðè ýòîì â ñèñòåìó âõîäèò ëèøü ïðîèçâîä-
íàÿ ψ̇.
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Ñèñòåìà (1) ýêâèâàëåíòíà ñëåäóþùåé ñèñòåìå:

(2)
θ̇ = −z2 − b sin θ, ż2 = sin θ cos θ − z2

1

cos θ

sin θ
,

ż1 = z1z2
cos θ

sin θ
, ψ̇ = z1

cos θ

sin θ

íà êàñàòåëüíîì ðàññëîåíèè T∗S2{z2, z1; θ, ψ} äâóìåðíîé ñôåðû
S2{θ, ψ}.

Îòäåëåíèå ÷åòâåðòîãî óðàâíåíèÿ ñèñòåìû (2) ïðîèçîøëî ïî ïðè-
÷èíå öèêëè÷íîñòè ïåðåìåííîé ψ.

Ñèñòåìå (2) ñîïîñòàâèì ñèñòåìó ñ àëãåáðàè÷åñêîé ïðàâîé ÷àñòüþ
(τ = sin α):

(3) dz2

dτ
=

τ − z2
1/τ

−z2 − bτ
, τ

dz1

dτ
=

z1z2/τ

−z2 − bτ
.

Ïîñëå æå ïåðåõîäà ê îäíîðîäíûì êîîðäèíàòàì uk, k = 1, 2, ïî
ôîðìóëàì zk = ukτ ñèñòåìà (2) ïðèâîäèòñÿ ê âèäó

τ
du2

dτ
+ u2 =

τ − u2
1τ

−u2τ − bτ
, τ

du1

dτ
+ u1 =

u1u2τ

−u2τ − bτ
,

êîòîðûé, â ñâîþ î÷åðåäü, ñîîòâåòñòâóåò óðàâíåíèþ

du2

du1
=

1 + bu2 + u2
2 − u2

1

2u1u2 + bu1
.

Äàííîå óðàâíåíèå èíòåãðèðóåòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ, ïî-
ñêîëüêó èíòåãðèðóåòñÿ òîæäåñòâî

d

(
1− bu2 + u2

2

u1

)
+ du1 = 0,

è èìååò â êîîðäèíàòàõ (α, z1, z2) ïåðâûé èíòåãðàë ñëåäóþùåãî âèäà
(ñð. ñ [1, 2]):

z2
1 + z2

2 − bz2 sin α + sin2 α

z1 sin α
= const.

2. Íåàâòîíîìíûå îäíîðîäíûå ñèñòåìû âòîðîãî ïîðÿäêà
Â ðàáîòå èññëåäóþòñÿ âîçìîæíîñòè èíòåãðèðîâàíèÿ â ýëåìåíòàð-

íûõ ôóíêöèÿõ ñëåäóþùåé ñèñòåìû áîëåå îáùåãî âèäà, âêëþ÷àþùåé
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â ñåáÿ ðàññìîòðåííóþ âûøå ñèñòåìó (3), â òðåõìåðíûõ ôàçîâûõ îá-
ëàñòÿõ:

(4)

dz

dx
=

ax + by + cz + c1z
2/x + c2zy/x + c3y

2/x

d1x + ey + fz
,

dy

dx
=

gx + hy + iz + i1z
2/x + i2zy/x + i3y

2/x

d1x + ey + fz
,

èìåþùåé îñîáåííîñòü òèïà 1/x.
Äðóãèìè ñëîâàìè, èçó÷àåòñÿ âîïðîñ ñóùåñòâîâàíèÿ ïåðâûõ èíòå-

ãðàëîâ äëÿ êëàññà íåàâòîíîìíûõ îäíîðîäíûõ ñèñòåì âòîðîãî ïîðÿä-
êà. Ðàíåå óæå áûë ïîëó÷åí ðÿä ðåçóëüòàòîâ ïî äàííîìó âîïðîñó (ñì.
òàêæå [2,3]).

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 15�01�
00848�a).
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First integrals of variable dissipation dynamical
systems in rigid body dynamics
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We study the problems of existence of transcendental �rst integrals
for the classes of mechanical systems with certain symmetries. Herewith,
we �nd the su�cient conditions of existence the �rst integrals which are
transcendental functions both in sense of theory of elementary functions
and complex analysis, and expressed in terms of �nite combination
of elementary functions, for the nonautonomous uniform second-order
systems.
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