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CLASSIFICATION OF INTEGRABLE CASES

IN THE DYNAMICS OF A FOUR-DIMENSIONAL RIGID BODY
IN A NONCONSERVATIVE FIELD

IN THE PRESENCE OF A TRACKING FORCE

M. V. Shamolin UDC 517; 531.01

ABSTRACT. This paper is a survey of integrable cases in the dynamics of a four-dimensional rigid body
under the action of a nonconservative force field. We review both new results and results obtained
earlier. The problems examined are described by dynamical systems with so-called variable dissipation
with zero mean.

The problem of a search for complete sets of transcendental first integrals of systems with dissipation
is quite current; a large number of works are devoted to it. We introduce a new class of dynamical
systems that have a periodic coordinate. Due to the existence of a nontrivial symmetry group of such
systems, we can prove that these systems possess variable dissipation with zero mean, which means
that on the average for a period with respect to the periodic coordinate, the dissipation in the system is
equal to zero, although in various domains of the phase space, either energy pumping or dissipation can
occur. Based on the results obtained, we analyze dynamical systems that appear in the dynamics of a
four-dimensional rigid body and obtain a series of new cases of complete integrability of the equations
of motion in transcendental functions that can be expressed through a finite combination of elementary

functions.
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Introduction

This paper is a survey of integrable cases in the dynamics of a four-dimensional rigid body under
the action of a nonconservative force field. We review both new results and results obtained earlier.
The problems examined are described by dynamical systems with so-called variable dissipation with
ZEero mean.

We study nonconservative systems for which the usual methods of studying Hamiltonian systems are
not applicable. Thus, for such systems, we must “directly” integrate the main equation of dynamics
(see [45, 47-52, 58, 60, 64, 65, 70, 79, 127].

We generalize previously known cases and obtain new cases of complete integrability in transcen-
dental functions of the equation of dynamics of a four-dimensional rigid body in a nonconservative
force field.

Of course, in the general case, the construction of a theory of integration of nonconservative systems
(even of low dimension) is a quite difficult task. In a number of cases where the systems considered
have additional symmetries, we succeed in finding first integrals expressed through finite combinations
of elementary functions (see [5, 6, 12, 17, 18, 21, 28, 29, 32-35, 37, 42, 91, 92, 146, 148, 151].

We obtain a series of complete integrable nonconservative dynamical systems with nontrivial sym-
metries. Moreover, in almost all cases, all first integrals are expressed through finite combinations
of elementary functions; these first integrals are transcendental functions of their variables. In this
case, transcendence is understood in the sense of complex analysis, when the analytic continuation of
a function into the complex plane has essentially singular points. This fact is caused by the existence
of attracting and repelling limit sets in the system (for example, attracting and repelling focuses).

We discover new integrable cases of the motion of a rigid body, including the classical problem of
the motion of a multi-dimensional spherical pendulum in a running flow of a medium.

Chapter 1 is devoted to general aspects of the integrability of dynamical systems with variable dissi-
pation. First, we propose a descriptive characteristic of such systems. The term “variable dissipation”
refers to the possibility of alternation of sign rather than to the value of the dissipation coefficient
(therefore, it is more reasonable to use the term “sign-alternating”).

Later, we define systems with variable dissipation with zero (nonzero) mean based on the divergence
of the vector field of the system, which characterizes the change of the phase volume in the phase space
of the system considered (see [91, 95, 103, 107, 109, 110, 112, 118, 120]).

We introduce a class of autonomous dynamical systems with one periodic phase coordinate possess-
ing certain symmetries that are typical for pendulum-type systems. We show that this class of systems
can be naturally embedded in the class of systems with variable dissipation with zero mean, i.e., on the
average for the period with respect to the periodic coordinate, the dissipation in the system is equal to
zero, although in various domains of the phase space, either energy pumping or dissipation can occur,
but they balance each other in a certain sense. We present some examples of pendulum-type systems
on lower-dimension manifolds from the dynamics of a rigid body in a nonconservative field.

For multi-parametric third-order systems, we present sufficient conditions of existence of first inte-
grals that are expressed through finite combinations of elementary functions.

We deal with three properties that seem, at first glance, independent:

(1) a class of systems with symmetries specified above;

(2) the fact that this class consists of systems with variable dissipation with zero mean (with respect
to the existing periodic variable), which allows us to consider them as “almost” conservative
systems;

(3) in certain (although lower-dimensional) cases, these systems have a complete set of first integrals,
which, in general, are transcendental (in the sense of complex analysis).
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In Chap. 2, we recall general aspects of the dynamics of a free multi-dimensional rigid body: the
notion of the tensor of angular velocity of the body, the joint dynamical equations of motion on the
direct product R™ x so(n), and the Euler and Rivals formulas in the multi-dimensional case.

We also consider the tensor of inertia of a four-dimensional (4D) rigid body. In this work, we study
two possible cases in which there exist two relations between the principal moments of inertia:

(i) there are three equal principal moments of inertia (Io = I3 = I4);
(ii) there are two pairs of equal principal moments of inertia (I; = I and I3 = Iy).

In Chaps. 2 and 3, we systematize results on the study of equations of motion of a four-dimensional
(4D) rigid body in a nonconservative force field for the case (i). The form of these equations is taken
from the dynamics of realistic rigid bodies of lesser dimension that interact with a resisting medium
by laws of jet flow when the body is influenced by a nonconservative tracing force. Under the action
of this force, the following two cases are possible. In the first case, the velocity of some characteristic
point of the body remains constant, which means that the system possesses a nonintegrable servo
constraint (see Chap. 2). In the second case, the body is subjected to a nonconservative tracing force
such that throughout the motion the center of mass of the body moves rectilinearly and uniformly;
this means that in the system there exists a nonconservative couple of forces (see Chap. 3). See
also [19-21, 27, 44, 54, 55, 57, 59, 61-63, 66-68, 72-78, 80, 82-87, 90-94, 96-107, 111-117, 119-125,
128-138, 140-144, 149].

Moreover, in Chap. 2, besides the four existing analytic invariant relations (a nonintegrable con-
nection and three integrals that show that the components of the tensor of angular speed vanish),
we obtain four additional transcendental first integrals expressed in terms of finite combinations of
elementary functions. In Chap. 3, we find additional transcendental first integrals besides the four
known analytic first integrals (the squared velocity of the center of mass and the three integrals that
show that the components of the tensor of angular speed vanish).

The results relate to the case where all interaction of the medium with the body part is concentrated
on a part of the surface of the body that has the form of a three-dimensional disk, while the action of
the force is concentrated in the direction perpendicular to this disk. These results are systematized
and are preserved in invariant form. Moreover, we introduce an extra dependence of the moment of
the nonconservative force on the angular velocity. This dependence can be further extended to cases
of motion in spaces of higher dimension.

Many results of this paper were regularly presented at scientific seminars, including the Trofi-
mov seminar “Current problems of geometry and mechanics” (see [22]) under the supervision of
D. V. Georgievskii and M. V. Shamolin [1, 2, 23-26].

CHAPTER 1

INTEGRABILITY IN ELEMENTARY FUNCTIONS
OF SOME CLASSES OF NONCONSERVATIVE SYSTEMS

We study nonconservative systems for which the usual methods of studying Hamiltonian systems are
not applicable. Thus, for such systems, we must “directly” integrate the main equation of dynam-
ics. We recall known facts in a more universal form and also present some new cases of complete
integrability in transcendental functions in the dynamics of a 4D-rigid body in a nonconservative field.

The results of the present paper develop previous studies, including an applied problem from the
dynamics of a rigid body (see [42, 44, 46-48, 149]), for which complete lists of transcendental first
integrals that can be expressed through finite combinations of elementary functions were obtained.

810



Later, this allows us to perform a complete analysis of all phase trajectories and to specify their rough
properties that are preserved for systems of a more general form. The complete integrability of such
systems is related to hidden symmetries.

As is well known, the notion of integrability is, generally speaking, quite vague.

We must always take into account in what sense this notion is understood (what criterion allows
one to judge whether trajectories of a dynamical system are simple in one sense or another), in what
functional class the first integrals are searched, etc. (see [6, 33, 34, 44, 54, 57]).

In this paper, we consider first integrals that belong to the functional class consisting of tran-
scendental elementary functions. Here the term “transcendental” is meant in the sense of complex
analysis, i.e., a transcendental function is a function that possesses essential singularities after an
analytic continuation in the complex plane (see [12, 44]).

1. Preliminaries

The construction of a theory of integration of nonconservative systems (even lower-dimensional)
is a difficult problem. However, in some cases where the systems being studied possess additional
symmetries, one can find first integrals in the form of finite combinations of elementary functions
(see [91]).

The present paper is a development of the planar problem on the motion of a rigid body in a
resisting medium in which the domain of the contact between the body and the medium is a planar
part of the exterior surface of the body. The force field in this problem is constructed by accounting for
the action of the medium on the body in the quasi-stationary jet or separated flow. It turns out that
the study of such motions can be reduced to systems with dissipation of energy ((purely) dissipative
systems or systems in dissipative fields) or to systems with energy pumping (so-called systems with
antidissipation or systems with accelerating forces). Note that similar problems have earlier appeared
in applied aerodynamics (see [14, 15]).

The problems that were considered earlier stimulated the development of qualitative tools that
substantially supplement the qualitative theory of nonconservative systems with dissipation of any
sign (see [91]).

Nonlinear effects in problems of planar and spatial dynamics of a rigid body were examined by
qualitative methods. We justify the need to introduce the notions of relative roughness and relative
nonroughness of different orders (see [4, 28, 29, 39, 52, 60, 64, 88, 91, 149].

In the present work, the following results are obtained.

(1) We develop methods of qualitative analysis of dissipative and antidissipative systems, which al-
lows us to obtain bifurcation conditions for the appearance of stable and unstable self-oscillations
and conditions of the absence of singular trajectories. We succeed in extending the study of
planar topographical Poincaré systems and comparison systems to higher dimensions. We ob-
tain sufficient Poisson-stability conditions (everywhere density near itself) of some classes of
nonclosed trajectories of dynamical systems (see [91]);

(2) in 2D- and 3D-dynamics of a rigid body, we obtain complete lists of first integrals of dissipative
and antidissipative systems that are transcendental (in the sense of the classification of their
singularities) functions, which, in some cases, can be expressed through elementary functions.
We introduce the notions of relative roughness and relative nonroughness of different orders for
integrated systems (see [4, 28, 29, 39, 52, 60, 64, 88, 91, 149];

(3) we obtain multi-parameter families of topologically nonequivalent phase portraits that appear
in purely dissipative systems (i.e., systems with variable dissipation with nonzero (positive)
mean). Almost all portraits of such families are rough (see [91]);
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(4) we detect new qualitative analogies between the motion of a free body in a resisting medium
and the motion of a fixed body in a flow of a running medium.

2. Dynamical Systems with Variable Dissipation

2.1. Descriptive characteristics of dynamical systems with variable dissipation. As the
initial modeling of the action of a medium on a rigid body, we used experimental information on the
properties of jet flow. Naturally it became necessary to study the class of dynamical systems that
possess the property of (relative) roughness (relative structural stability). Therefore, it is natural to
introduce these notions for such systems. Many of the systems considered are rough in the sense of
Andronov and Pontryagin (see [4, 28, 29, 39, 52, 60, 64, 88, 91, 149].

After some transformations (for example, in 2D-dynamics), the dynamical part of the general system
of the equations of plane-parallel motion can be reduced to a pendulum system of second order
containing a linear nonconservative (sign-alternating dissipative) force with a coefficient, which can
change sign for different values of the periodic phase coordinate of the system.

Thus, in this case, we speak of systems with so-called variable dissipation, where the term “variable”
refers not only to the value of the dissipation coefficient but to its sign (and so the term “sign-
alternating” is more adequate).

On the average by a period (with respect to the periodic coordinate), dissipation can be positive
(“purely” dissipative systems), negative (systems with accelerating forces), or zero (but does not
vanish identically). In the last case, we speak of systems with variable dissipation with zero mean
(these systems can be associated with “almost” conservative systems).

As was noted above, we obtain important mechanical analogies in comparing the qualitative prop-
erties of a free body and the equilibrium of a pendulum in a flow of a medium. Such analogies have
a deep sense since they allow one to transfer properties of a nonlinear dynamical system for a pen-
dulum to dynamical systems for a free body. Both systems belong to the class of so-called pendulum
dynamical systems with variable dissipation with zero mean.

Under additional conditions, the equivalence described above can be extended to the case of spatial
motion, which allows one to speak of a general character of symmetries of systems with variable
dissipation with zero mean in plane-parallel and spatial motions (for planar and spatial versions of a
pendulum in a flow of a medium, see also [91]).

Subsequently, we present some classes of nonlinear systems of the second, third, and higher orders
that are integrable in the class of transcendental (in the sense of the theory of functions of complex
variables) elementary functions, for example, five-parameter dynamical systems including the majority
of systems examined earlier in the dynamics of a low-dimensional (2D and 3D) rigid body interacting
with a medium:

& = asina + bw + 1 sin® o + Yow sinta + 'yng sin® o + 74(,03 sin? o + 75w4 sin o,

4 3 2

W = esinacos a4 dw cos a + yiwsin? o cos a + yow? sin® o cos a + 3w sin? o cos a+

4

+ 4w sin a cos o 4 5w cos a.

Purely dissipative dynamical systems (and also (purely) antidissipative systems), which, in our
case, can belong to the class of systems with variable dissipation with nonzero mean, are, as a rule,
structurally stable ((absolutely) rough), whereas systems with variable dissipation with zero mean
(which usually possess additional symmetries) are either structurally unstable (nonrough) or only
relatively structurally stable (relatively rough). However, the proof of the last assertion in the general
case is a difficult problem.
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For example, the dynamical system of the form

& =Q+ Bsina,
] . (2.1)
Q) = —fFsinacosa

is relatively structurally stable (relatively rough) and is topologically equivalent to the system describ-
ing a fixed pendulum in a running flow of a medium (see [91]).

One can obtain its first integral, which is a transcendental (in the sense of the theory of functions
of a complex variable, as a function whose analytical continuation in the complex plane has essential
singularities) function of phase variables that can be expressed through a finite combination of ele-
mentary functions (see [91]). The phase cylinder R*{a, Q} of quasi-velocictes of the system considered
has an interesting topological structure of a splitting into trajectories.

Although the dynamical system considered is not conservative, in the rotational domain (and only
in this domain) of its phase plane R?{a,Q}, it admits the preservation of invariant measure with
variable density. This property characterizes this system as a system with variable dissipation with
zero mean (see [91]).

2.2. A definition of a system with variable dissipation with zero mean. We study systems of
ordinary differential equations that have a periodic phase coordinate. Such systems possess symmetries
under which their average phase volume with respect to the periodic coordinate is preserved. For
example, the following pendulum system with smooth and periodic (of period T') with respect to «
right-hand side V (o, w) of the form

& =-w+ fla), fla+T)= f(a),

. 2.2
&= 9(a), gla+T) = gla), 22
preserves its phase area on the phase cylinder within the period 71"
T T 5 5 T
1 = — e / e
/leV(a,w)da = / <8a( w+ f(a)) + awg(oz)) do /f (a)da = 0. (2.3)
0 0 0

This system is equivalent to the equation of a pendulum
a — f'(a)a +g(a) = 0, (2.4)

in which the integral of the coefficient f’(«) of the dissipative term & over the period is equal to zero.
We see that this system has symmetries under which it becomes a system with variable dissipation
with zero mean in the sense of the following definition (see [91]).

Definition 2.1. Consider a smooth autonomous system of order (n + 1) in the normal form defined
on the cylinder R*{z} x S'{a: mod 27}, where « is a periodic coordinate of period T > 0. The
divergence of the right-hand side V(x,«) (which, in general, is a function of all phase variables and
does not vanish identically) of this system is denoted by div V(z, ). This system is called a system
with variable dissipation with zero (respectively, nonzero) mean if the function

T
/div V(z,a)da (2.5)
0

vanishes (respectively, does not vanish) identically. In some cases (for example, when at some points
of the circle S'{a mod 27} singularities appear), this integral is understood in the sense of principal
value.
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We note that it is quite difficult to give a general definition of a system with variable dissipation
with zero (nonzero) mean. The definition presented above is based on the notion of divergence (as is
well known, the divergence of the right-hand side of a system in the normal form characterizes the
change of the phase volume in the phase space of the given system).

3. Systems with Symmetries and Variable Dissipation with Zero Mean

Consider a system of the following form (the dot denotes the derivative with respect to time):

& = fo(w,sina, cos a),

Wp = fr(w,sina,cosa), k=1,...,n, (3.1)
defined on the set
SYa mod 27} \ K x R™{w}, w=(wi,...,wn), (3.2)
where sufficiently smooth functions fy(ui,u2,u3), A = «a,1,...,n, of three variables uy, ug, usg are
such that
Ia(—ur, —ug,uz) = — fa(ur, u, us),
fa(ur,uz, —u3) = fa(u1,u2,u3), (3.3)
Sr(ui, ug, —uz) = — fr(ur, ug, us);
moreover, the functions fx(u1,ug,us) are defined for uz =0 for any k =1,...,n.

The set K is either empty or consists of a finite number of points of the circle S'{a mod 27}.

The last two variables ug, us in the functions fy(u1,u2,us) depend on the same parameter «, but
we assume that these variables belong to different groups for the following reason. First, they cannot
be uniquely expressed through one another on their entire domain and, second, us is an odd function
of a whereas u3 is an even function, which affects the symmetries of system (3.1).

We establish a correspondence between system (3.1) and the following nonautonomous system:

dwy fk(sz{navcoso‘), k=1,...,n. (3.4)
doa  fo(w,sina, cos )

By the substitution 7 = sin «, it can be reduced to the form

dwp _ fr(w, 7, ¢1(T)) _1 n
dr falw, 7, 0a(1))’ o (3.5)
ox(—7) =pa(1), A=a,1,...,n.

The last system, in particular, can have an algebraic right-hand side (i.e., it can be the ratio of two
polynomials), which simplifies the search for its first integrals in explicit form.

The following theorem states that the class of systems (3.1) is a subclass of the class of dynamical
systems with variable dissipation with zero mean. Note that, in general, the converse is invalid.

Theorem 3.1. Systems of the form (3.1) are dynamical systems with variable dissipation with zero
mean.

Proof. The proof of this theorem is based on certain symmetries (3.3) of system (3.1) listed above and
the periodicity of the right-hand side of the system with respect to a.
Indeed, the divergence of the vector field of system (3.1) equals

Ofa(w,sina, cos a) Ofa(w,sina,cosa) . " O f1(w,sin a, cos )
cos o — sina + Z

D . (3.6)

ou ou
2 3 —

The following integral of the first two terms in (3.6) vanishes:
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27
/ afa(w,sma,cosa)dsina+ 5fa(w,SIHa,COSC¥)dCOSQ
8’LL2 8’LL3
0
[ 0falwns )
«(w, sin o, cos B _
_ / o da = ha(w) =0, (3.7)
0

since the function f,(w,sin «, cos ) is periodic with respect to .
Further, by the third equation in (3.3), for any £ =1,...,n we have

Ofr(w,sina, cos a) gk (w,sin a)
=cosa-

- ) 3.8
8U1 811,1 ( )
where the function g (ui,us9) is sufficiently smooth for any k =1,...,n.
Then the integral over the period 27 of the right-hand side of Eq. (3.8) equals
21
P .
/ 91 (@, sin a)dsina = hg(w) =0 (3.9)
8’LL1
0

for any kK =1,...,n. From Egs. (3.7) and (3.9) we obtain Theorem 3.1. ||

The converse assertion is invalid: there exist dynamical systems on the two-dimensional cylinder
that are systems with variable dissipation with zero mean, but do not possess the symmetries listed
above.

In this paper, we basically consider the case where the functions fy(w,7,¢k(7)) (A = a,1,...,n)
are polynomials of w and 7.

Example 3.1. We consider pendulum systems on the two-dimensional cylinder S'{a mod 27} x
R'{w} with parameter b > 0, which appear in the dynamics of a rigid body (see [91]):

& = —w + bsina,
L (3.10)
w = sin a.cos a,
and
&= —w+ bsinacos® a + bw?sina,
(3.11)

W = sin a cos o — bw sin® o cos o + bw? cos a.

We establish a correspondence between these systems in the variables (w,7) and the equations with
algebraic right-hand sides

dw T
= 12
dr  —w+br’ (3.12)
and
do T+ bw [w? — 7] (3.13)
dr  —w+br + b7 [w? — 7]

of the form (3.5), respectively. These systems are dynamical systems with variable dissipation with
zero mean, which can be easily verified.
Indeed, the divergences of their right-hand sides are equal to bcos « and

2

bcos [4w2 + cos? a — 3sin? a] ,

respectively; they belong to the class of systems (3.1).

Moreover, each of them possesses a first integral, which is a transcendental (in the sense of the
theory of functions of complex variables) function that can be expressed through a finite combination
of elementary functions.
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We present another important example of a higher-order system that possesses the properties listed
above.

Example 3.2. Consider the following system with a parameter b, which is defined in the three-
dimensional domain

S'{a mod 27} \ {a=0,a = 1} x R*{21, 2} (3.14)
(this system is separated from a system on the tangent bundle 7, S? of the two-dimensional sphere S?):
& = —2z9 + bsinq,
Zg =sinacos o — zzcosa
2= lgna’ (3.15)
. cos «
Z1 = 2129 . .
sin «

This system describes the motion of a rigid body in a resistive medium. We establish a correspondence
between this system and the following nonautonomous system with algebraic right-hand side (7 =
sin a):
dzg  T—23)T
dr —z9 + b7’
dz1  z120/T
dr  —z+br’
We see that system (3.15) is a system with variable dissipation with zero mean. To obtain the full
correspondence with the definition, we introduce the new phase variable

(3.16)

21 =1In|z]. (3.17)

The divergence of the right-hand side of system (3.15) in the Cartesian coordinates «, 2], 22 is equal
to bcos a. Taking into account (3.14), we have (in the sense of principal value)

T—€ 2mr—¢

lim [ bcosa + lim bcosa = 0. (3.18)

e—0 e—0
€ T+e
Moreover, this system possesses two first integrals (i.e., a complete set) that are transcendental func-
tions, which can be expressed through a finite combination of elementary functions. This becomes
possible after establishing a correspondence between it and the system (nonautonomous, generally
speaking) of equations with an algebraic (polynomial) right-hand side (3.16).

Systems (3.10), (3.11), and (3.15) belong to the class of systems (3.1), possess variable dissipation
with zero mean, and have a complete set of transcendental first integrals that can be expressed through
a finite combination of elementary functions.

So, to find the first integrals of the systems considered, it is convenient to reduce systems of the
form (3.1) to systems with polynomial right-hand sides (3.5), which allow one to perform integration
in terms of elementary functions of the initial system. Thus, we find sufficient conditions for the
integrability in elementary functions of systems with polynomial right-hand sides and examine systems
of the most general form.

4. Systems in the Plane and on a Two-Dimensional Cylinder

Earlier, the author proved a series of assertions regarding many-parameter systems of ordinary
differential equations with algebraic right-hand side (see, e.g., [91]). We recall some of these assertions.
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Proposition 4.1. A seven-parameter family of systems of equations in the plane R*{x,y}
&= a1z + by + fra® + Bor®y + By’
§ = a1z +diy + 12’y + Paay® + Bay’,

possesses a first integral (in general, transcendental) that can be expressed through elementary func-
tions.

(4.1)

Corollary 4.1. For any parameters ay, by, c1, di, 81, B2, and B3, the system

& = agsina + bjw + By sin® a + Bowsin? o + Bsw? sin a, (42)

w=cysinacosa+ diwcosa + frw sin? o cos o + 52@02 sina cos a + 53w3 CoSs o '
on the two-dimensional cylinder {(a,w) € R? : a mod 21} possesses a first integral (in general,
transcendental) that can be expressed through elementary functions.

In particular, systems (3.10) and (3.11) can be obtained from this system if

ap=b, by=-1, a=1 d=p5=05=0F=0
and
a; = b, bl = —1, c1 = 1, dl = —b, ,81 = —b, ,82 = O, ,83 = b,
respectively.

The above arguments can be easily generalized. We consider the possibility of complete integration
(in elementary functions) of systems of a more general form: the nonlinearity is characterized by an
arbitrary homogeneous form of odd degree 2n — 1.

In this case, we have the following assertion, which is more general than Proposition 4.1.

Proposition 4.2. The (2n + 3)-parameter family of systems of equations

&= a1z + by + 607" 4 502> Py 4 - 4 G 0@y 4 G 12y,

2n—2 2n—3, 2 2n—2+52n_1y2n—1

(4.3)
Y + 0oz y 4+ dop—2zy

y=cz+diy+ oz
in the plane R?{x,y} possesses a first integral (in general, transcendental), which can be expressed
through elementary functions.

Indeed, the family of Eqs. (4.3) depends on 2n — 1 + 4 independent parameters since the total
nonlinearity of an odd degree is characterized by 4n parameters subject to 2n + 1 conditions (the
other four parameters are contained in the linear part).

Corollary 4.2. For any parameters aq, by, c1, di, and 61, ...,02,_1, the systems

n—1 724 Gy W P sina,

2n—3

o + dow sin
2n—2

& = asin a + bw + 47 sin

Qcosa+ -+ + dop_1w?" Lcos a

(4.4)
on the two-dimensional cylinder {(a,w) € R? : @ mod 27} possesses a transcendental first integral,
which can be expressed through elementary functions.

w = csinacos a + dw cos o + 1w sin acos a + dow? sin

Systems (3.10), (3.11), and (3.15) are relatively rough (see [91]), but if we violate the symme-
tries (3.3) introduced for systems of general form (3.1) (for example, by introducing additional terms
in their right-hand sides), then the number of topologically distinct phase portraits can substantially
change.

In [91], we obtained a multi-parametric family of phase portraits of a system with variable dissipation
with nonzero mean (whose typical portraits are (absolutely) rough), which is a perturbation of a
dynamical system with variable dissipation with zero mean of the form (3.11). This family (as families
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obtained earlier, see [91]) contains an infinite number of topologically nonequivalent phase portraits
on a two-dimensional phase cylinder.

5. Systems of the Tangent Bundle of the Two-Dimensional Sphere

On the tangent bundle T,.S? of the two-dimensional sphere S?{,1}, we consider the following
dynamical system:

é—i—bécos@—ksin@cos@—zﬁsme =

)

cos 0

. 1 + cos? 9}

(5.1)
¥+ b cos O + 09 [

sin 6 cos 0

This system describes a spherical pendulum in a flow of a running medium (see [91]). Moreover, the
system possesses the conservative moment

sin 6 cos 6 (5.2)

and the force moment, which linearly depends of the velocity with a variable coefficient:

b <Z> cos 6. (5.3)

Other coefficients in the equations are the connection coefficients, namely,

sin 0 v 1+ cos?6

— . 4
cosf’ 9 " sinfcosd (5-4)

o _
Ly = —

In fact, system (5.1) has order 3 since the variable 1 is cyclic and the system contains only the
variable 1.

Proposition 5.1. The equation

=0 (5.5)

defines a family of integral planes for system (5.1).
Moreover, Eq. (5.5) reduces system (5.1) to an equation that describes a cylindrical pendulum in a
flow of a running medium (see [91]).

Proposition 5.2. System (5.1) is equivalent to the following system:

0 = —z, + bsin,

. ) cos 6
Z9 = sinf cos 6 — z% o
sin @
. cos 6 (5.6)
Z] = R1722 . 5
sin 0
1/.1 cos 0
=2z .
sin 0

on the tangent bundle T,S?{z1,22,0,%} of the two-dimensional sphere S?{6,v}. Moreover, the first
three equations of system (5.6) form a closed system of third order and coincide with system (3.15)
(if we set a = ). The fourth equation of system (5.6) has been separated due to the cyclicity of the
variable 1.

818



Example 5.1. We examine a system of the form (3.15), which can be reduced to (3.16), and the
following system, which appears in the spatial (3D) dynamics of a rigid body interacting with a
medium:

a=—2+b (z% + z%) sin o + bsin v cos? a,
Zy = sinacos a + bzy (22 + 22) cos o — bzg sin® o cos a — Z2cosoz
2 + b2y (21 + 23) 2 Linag’ (5.7)
cos
Z1 = bz (21 + 23) cosa — bz sin® acosa + 2120 .,
sin «v
which corresponds to the following system with algebraic right-hand side:
dzy T+ bz (Z% + z%) —baor? = 22/T
dr — —z+ b7 (2 +23) +br (1 —72)’ (55

dz; bz, (z% + z%) — b7+ 2129/T

dr — —2+br (23 +23) +br(1—72)

Thus, we consider two systems: the initial system (5.7) and the corresponding algebraic system (5.8).
Similarly, we can pass to homogeneous coordinates ug, k = 1,2, by the formulas

By this change of variables, system (3.16) (see above) can be transformed to the form

dus T —ulT
T d tur= + b7’
T 2T (5.10)
duy S ULUQT
T = )
dr ! —UT + b1

which, in turn, corresponds to the equation

duy _ 1 —bug +uj — u% (5.11)
duq 2uiug — buq

Since the identity

d<1—6uQ+u%

> +du; =0 (5.12)
Uy

is integrable, this equation can be integrated in elementary functions and in the coordinates (7, 21, 22)
has a first integral of the form

zf +z§ — BzoT + T2

= const .
2T
System (5.7) after reduction corresponds to the system
dus T + bugt? (u% + u%) — busT? — 'LL%T
Tar 72T —ugT + b73 (uf +ud) +br (1 —72)’ (5.13)
duq bur 3 (u? + ud) — bur ™ + wguaT '
Tar TT —ugT + b73 (u +ud) +br (1 —72)’

which can also be reduced to (5.11).
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6. Some Generalizations
The following question arises: Can the system

dz  az+by+cz+ 122 /z+ crzy/z + 3y’
de dix+ey+ fz
dy gz +hy+iz+i2*/x+iszy/z + izy?

dx dix+ey+ fz

Y

(6.1)
Y
possessing a singularity of type 1/x, be integrated in elementary functions? This system is a general-
ization of systems (3.16) and (5.8) in three-dimensional phase domains.
A series of results concerning this question has already been obtained (see [91]); here we present a

brief review of these results.
As above, we introduce the substitutions

y=ur, 2Z=0T (6.2)

and reduce system (6.1) to the following form:

dv ax + buzx + cvx + v’z + covux + csulc
T, +v= , (6.3)
dx dix + eux + fox
du gx + huz + vz + 10’z + isvux + igu’e
x u= , (6.4)
dx dix + eux + fox
which is equivalent to
dv  ar +buz + (c — di)vz + (c1 — f)vie + (c2 — e)vux + czu’x (6.5)
x, = )
dx dix + eux + fux ’
du gz + (h—dy)uz +ive + i1v*z + (iz — f)vuz + (i3 — e)u’x (6.6)
x, = ) )
dx dix + eux + fox

We establish a correspondence between this system and the following nonautonomous equation with
algebraic right-hand side:

dv_a+bu—|—cv—|—clv2+cwu—|—03u2—v[d1—I—eu+fv] 6.7)
du g+ hu+iv + 3102 + dgvu + izu? — u[dy + eu + fv]’ '

Integration of this equation reduces to integration of the equation in complete differentials

[g + hu + v + 1102 + igvu + isu® — diu — eu® — fuv] dv
= [a + bu + cv + 1% + covu + esu® — div — euv — fvz] du. (6.8)

Generally speaking, we have a 15-parameter family of equations of the form (6.8). To integrate the
last identity in elementary functions as a homogeneous equation, it suffices to impose the following
six restrictions:

g=0, i=0, i1=0, e=cy, h=c¢, iy=2c —f. (6.9)
We introduce nine parameters f31,..., B9 and consider them as independent:
Br=a, P2=b, Pz=c, Ba=c1, Bs=c2, Po=c3 Pr=di, Ps=Ff, Bo=1i3 (6.10)
Thus, Eq. (6.8) under conditions (6.9) and (6.10) is reduced to the form

dv  B1+ Bau+ (B3 — Br)v + (Ba — Bs)v? + Beu?

du (B3 — Br)u+2(Bs — Bs)vu+ (By — Bs)u? (6.11)
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whereas system (6.5) (6.6) is reduced to the form
L4 _ Bt Baut (B3 = Br)v + (Bs — Be)v® + Bou’

dx Br + Bsu + Bgv ’ (612
du (B3 — Br)u+2(Bs — Bs)vu + (By — B5)u?
md:r N Br + Bsu + Bgv 7 (613

after which Eq. (6.11) can be integrated by a finite combination of elementary functions.
Indeed, integrating identity (6.8), we obtain

J [(ﬁg —uﬁﬂv} td {(@1 —uﬁs)vz} +d[(By — B5)v] + d [fﬂ — d[B2 In |u|] — d[Bsu] = 0, (6.14)

which implies the following invariant relation:

(B3 — Br)v N (Ba —uﬁs

Jv? B
u + (B9 — B5)v + u B21n |u| — Beu = C; = const, (6.15)

and then in the coordinates (z,y, z), the first integral in the form
(Bs — Bg)z* — Bey® + (B3 — Br)zx + (By — B5)zy + Pra?
YT

Therefore, we can conclude that the following, generally speaking nonconservative, system of third
order depending on nine parameters is integrable in elementary functions:

dz _ P+ Poy + B3z + Baz? [z + Bszy/x + Boy? [z

— faln ‘ z‘ = const . (6.16)

dz Brx + Bsy + Bsz ’ (6.17)
dy _ B3y + (284 — Bs)zy/z + Boy® [
dz Brx + Bsy + Bsz
Corollary 6.1. On the set
SYa mod 27} \{a =0, a =7} x R*{z, 2}, (6.18)
the third-order system
& = Brsina+ P51 + P22,
Zy = Prsinacosa + Pazy cos a4 B3zg cosa + fyzs C,OS “ + Bs52122 C,OS “ + Bs2? C_OS a’ (6.19)
sin « sin« sin « :

i cos « cos
7 = PBszicosa+ (284 — Bs)ziza .+ Port .,

sin « sin «

which depend on mine parameters and possesses, gemerally speaking, a transcendental first integral,
which can be expressed through elementary functions:

(Ba — B8)75 — B623 + (B3 — Br)zasina + (8o — f5)z221 + frsin®
z1 sin o
In particular, system (6.19) for f1 = 1, o = 83 = 84 =05 = B9 =0, s = Bs = —1, and 57 = b
coincides with system (3.15).
To find an additional first integral of the nonautonomous system (6.1), we can use the first inte-
gral (6.16), which is expressed through a finite combination of elementary functions.
First, we transform relation (6.15) as follows:

(Bs — Bs)v* + [(Bo — B5)u+ (B3 — Br)| v + fi(u) =0, (6.21)

2
— P ln‘ ,Zl ‘ = const. (6.20)
sin «

where
fi(u) = By — Beu® — Bouln |u| — Chu.
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Formally, v can be found from the relation

284 1_ Bs) {(ﬁ5 — Bo)u + (B7 — B3) + \/fg(u)} , (6.22)

v12(u) =

where
fo(u) = Ay 4+ Asu + Azu® + Aquln |ul,
Ay = (B3 — Br)” —4B1(Bs — Bs), Az =2(Bo — B5)(Bs — Br) + 4C1(Bs — Bs),
Az = (B — B5)> +4B6(B1 — Bs),  Aa = 4PB2(Ba — Bg).

Then the required quadrature for the additional (in general, transcendental) first integral (for example,
of system (6.12), (6.13) or (6.5), (6.6), where Eq. (6.13) is used) becomes

Br)u + (By — Bs)u? + 2(Bs — Bs)uvi 2(u) ’

/dl’ / . [B7 + Bsu + Bsvi,2(u)]du /[31+B2U+B3\/f2(u)} du

Byuy/ fa(u)
B =const, k=1,...,4. (6.23)

The required quadrature for the search for an additional (in general, transcendental) first integral

(for system (6.12), (6.13) or (6.5), (6.6), where Eq. (6.12) is used) becomes
dx [B7 + Bsu(v) + Bv]dv .
/ / B1 + ﬁ2u (63 — 67)21 + (64 _ 58)212 + ﬁﬁuz(v)’ (624)

in this case, the function u(v) must be obtained by solving the implicit equation (6.15) with respect
to w (which, in the general case, is not evident).

Sufficient conditions of expressability of integrals in (6.24) through finite combinations of elementary
functions are stated by the following lemma.

Lemma 6.1. For Ay =0, i.e., for
f2=0 (6.25)
or for

Ba = Bs, (6.26)

the indefinite integral in (6.24) can be expressed through a finite combinations of elementary functions.

Theorem 6.1. Under the sufficient conditions of Lemma 6.1 (in this case, property (6.25) holds), sys-
tem (6.19) possesses a complete set of first integrals that can be expressed through a finite combination
of elementary functions.

The dynamical systems considered in the present paper are systems with variable dissipation with
zero mean with respect to the periodic coordinate. In many cases, such systems possess a complete
set of first integrals that can be expressed through elementary functions.

We have presented several cases of complete integrability in the dynamics of the spatial (3D) motion
of a body in a nonconservative field. Moreover, we are dealing with three properties that, at first glance,
seem to be independent:

(1) the class of systems (3.1) with marked symmetries specified above;

(2) this class of systems possesses variable dissipation with zero mean (with respect to the vari-
able «); this allows one to consider them as “almost” conservative systems;

(3) in some (sufficiently low-dimensional) cases, these systems possess a complete set of (generally
speaking, transcendental from the standpoint of complex analysis) first integrals.
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The method of reduction of initial systems whose right-hand sides contain polynomials of trigono-
metric functions to systems with polynomial right-hand sides allows one to find (or to prove the
absence) of first integrals for systems of a more general form that perhaps do not possess the symme-
tries mentioned above (see [91]).

CHAPTER 2

CASES OF INTEGRABILITY
CORRESPONDING TO THE MOTION OF A RIGID BODY
IN FOUR-DIMENSIONAL SPACE, 1

In this chapter, we systematize some earlier and newer results on the study of the equations of motion
of axisymmetric four-dimensional (4D) rigid bodies in nonconservative force fields. The form of these
equations is taken from the dynamics of real lower-dimensional rigid bodies interacting with a resisting
medium by the laws of jet flows, where a body is influenced by a nonconservative tracing force; under
the action of this force, the velocity of some characteristic point of the body remains constant, which
means that the system possesses a nonintegrable servo constraint (see [5, 31, 36, 46, 53, 71, 77, 81,
88, 139, 152]).

Earlier (see [42, 81]), the present author proved the complete integrability of the equations of plane-
parallel motion of a body in a resisting medium under jet flow conditions when the system of dynamical
equations possesses a first integral which is a transcendental (in the sense of the theory of functions
of a complex variable) function of quasi-velocities having essential singularities. It was assumed that
the interaction of the medium with the body is concentrated on a part of the surface of the body that
has the form of a (one-dimensional) plate.

Subsequently (see [76, 77, 95]), the planar problem was generalized to the spatial (three-dimensional)
case, where the system of dynamical equations possesses a complete set of transcendental first integrals.
In this case, it was assumed that the interaction of the medium with the body is concentrated on a
part of the surface of the body that has the form of a planar (two-dimensional) disk.

In this chapter, we discuss results, both new results and results obtained earlier, concerning the
case where the interaction of the medium with the body is concentrated on a part of the surface of the
body that has the form of a three-dimensional disk and the force acts in the direction perpendicular
to the disk. We systematize these results and formulate them in invariant form. We also introduce
an additional dependence of the moment of a nonconservative force on the angular velocity; this
dependence can be generalized to the motion in higher-dimensional spaces.

7. General Discussion

7.1. Two cases of dynamical symmetry of a four-dimensional body. Assume that a four-
dimensional rigid body © of mass m with smooth three-dimensional boundary 00 is under the influence
of a nonconservative force field; this can be interpreted as motion of the body in a resisting medium that
fills up the four-dimensional domain of Euclidean space E*. We assume that the body is dynamically
symmetric. If the body has two independent principal moments of inertia, then in some coordinate
system Dxjxoxszy attached to the body the operator of inertia has the form

diag{ly, I, I3, 1>} (7.1)

or the form
diag{117[17[37[3}' (72)



In the first case, the body is dynamically symmetric in the hyperplane Dxox3x4 while in the second
case the two-dimensional planes Dxixo and Dxsxy4 are planes of dynamical symmetry of the body.

7.2. Dynamics on so(4) and R*. The configuration space of a free, n-dimensional rigid body is
the direct product
R” x SO(n) (7.3)
of the space R™, which defines the coordinates of the center of mass of the body, and the rotation
group SO(n), which defines rotations of the body about its center of mass and has dimension
- n(n —1) _ n(n—l—l).
2 2

Therefore, the dynamical part of the equations of motion has the same dimension, whereas the di-
mension of the phase space is equal to n(n + 1).

In particular, if €2 is the tensor of the angular velocity of a four-dimensional rigid body (it is a second-
rank tensor, see [18-22, 25-27, 40, 41, 66]), Q € so(4), then the part of the dynamical equations of
motion corresponding to the Lie algebra so(4) has the following form (see [7, 9, 10, 13, 66, 147-149]):

QA + AQ +[Q, QA + AQ] = M, (7.4)
where
A= diag{)‘l7)‘27)‘37)‘4}7 (75)
—Lh+DL+13+ 1, L—DL+13+ 1,
)\l = 2 ) )\2 = 2 ?
L+ — 13+ 14 L+L+13—14
A3 = 9 , M= 9 ;

M = Mp is the natural projection of the moment of external forces F acting on the body in R* on the
natural coordinates of the Lie algebra so(4) and [ ] is the commutator in so(4). The skew-symmetric
matrix corresponding to this second-rank tensor 2 € so(4) is represented in the form

0 —We ws —Ws
Wwe 0 —W4 w2
; (7.6)
—Ws W4y 0 —W1
w3 —Wws Wi 0

where w1, wo, w3, w4, ws, and wg are the components of the tensor of angular velocity corresponding
to the projections on the coordinates of the Lie algebra so(4).
Obviously, the following relations hold:

N—N=L—-1, 4,j=1,...,4 (7.7)
To calculate the moment of an external force acting to the body, we need to construct the mapping
R* x R* — s0(4) (7.8)
that maps a pair of vectors
(DN, F) € R* x R* (7.9)
into an element of the Lie algebra so(4), where
DN = {0, zon, 23N, x4n}, F ={F1, Fy, F3, Fy}, (7.10)

and F is an external force acting on the body. For this purpose, we construct the following auxiliary

0 w®on x3v Tan
(2 s v ) o

matrix

824



Then the right-hand side of system (7.4) takes the form
M = {$3NF4 — TaNF3, TanFo — wonFa, —zanF1, monEF3 — z3nEF, wanF, —$2NF1}- (7.12)

The dynamical systems studied in the following chapters, generally speaking, are not conservative
and in fact are dynamical systems with variable dissipation with zero mean (see [91]). We need to
examine by direct methods one part of the main system of dynamical equations, namely, the Newton
equation, which serves as the equation of motion of the center of mass, i.e., the part of the dynamical
equations of motion corresponding to the space R*:

mwc = F, (7.13)

where w¢ is the acceleration of the center of mass C of the body and m is its mass. Moreover, due
to the higher-dimensional Rivals formula (it can be obtained by the operator method) we have the
following relations:

wo =wp 4+ Q°DC + EDC, wp=vp+Qvp, E=Q, (7.14)

where wp is the acceleration of the point D, F is the external force acting on the body (in our case,
F =8S), and E is the tensor of angular acceleration (second-rank tensor).

Thus, the system of equations (7.4) and (7.13) of tenth order on the manifold R* x so(4) is a closed
system of dynamical equations of the motion of a free four-dimensional rigid body under the action
of an external force F. This system is separated from the kinematic part of the equations of motion
on the manifold (7.3) and can be examined independently.

8. General Problem of Motion Under a Tracing Force

Consider a motion of a homogeneous, dynamically symmetric (case (7.1)), rigid body with “front
end face” (a three-dimensional disk interacting with a medium that fills four-dimensional space) in
the field of a resistance force S under quasi-stationarity conditions (see [16, 17, 30, 35, 36, 42, 43, 89,
108, 126, 145, 152].

Let (v, a, B1,B2) be the (generalized) spherical coordinates of the velocity vector of the center of
the three-dimensional disk lying on the axis of symmetry of the body, let

0 —We ws —Wws3
0= Wwe 0 —W4 w2
—Wws Wy 0 —Ww1
w3 ) w1 0

be the tensor of angular velocity of the body, and let Dxyxox3x4 be the coordinate system attached
to the body such that the axis of symmetry C'D coicides with the axis Dz (recall that C' is the center
of mass) and the axes Dz, Dxj3, and Dzy4 lie in the hyperplane of the disk, while I, Iz, I3 = Iy,
Iy = Is, and m are the characteristics of inertia and mass.
We adopt the following expansions in projections onto the axes of the coordinate system Dzizoxszy:
DC = {—0,0,0,0},
: o L (8.1)
vVp = {v cos o, vsinacos B1, vsinasin fy cos Pz, vsin asin f; smﬂg}.
In the case (7.1) we additionally have an expansion for the function of the influence of the medium
on the four-dimensional body:
S={-5,0,0,0}, (8.2)
i.e., in this case F = S.
Then the part of the dynamical equations of motion (including the analytic Chaplygin functions [16,
17]; see below) that describes the motion of the center of mass and corresponds to the space R*, in
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which tangent forces of the influence of the medium on the three-dimensional disk vanish, takes the
form

U Cos o — G sin & — wg sin a cos B1 + wsv sin asin B cos B — w3v sin asin (1 sin By

S (8.3)
+o (wg + wg + wg) =

v sin o cos 31 + & cos a cos 31 — Blv sin arsin 81 + wgv cos ¢ — w4 sin « sin B cos [y

+wov sin asin By sin B — o (wyws + wows) — owg = 0,

vsin asin By cos By + dw cos asin By cos Bz + B1v sin a cos By cos B2 — Bovsin asin By sin o

8.5
—ws5v €os a + wyv sin a cos f1 — wiv sin asin By sin By — o(—wiws + waws) + ows = 0, (8:5)
vsinasin By sin By 4 dw cos asin By sin Bz + S1v sin a cos By sin Bz + Bov sin asin By cos Ba (8.6)
+w3v cos o — wav sin accos By + wyv sin asin fy cos fo + o(waws + wiws) — owsz = 0, '
where
S =s(a)v®, o=CD, v>0. (8.7)
Further, the auxiliary matrix (7.11) for calculating the moment of the resistance force has the form
0 XN 3N TN
; 8.8
(—S 0 0 0 )’ (8.8)

then the part of the dynamical equations of motion that describes the motion of the body about the
center of mass and corresponds to the Lie algebra so(4), becomes

(M + A3)én + (A3 — Ag)(wsws + wawy) = 0, (8.9)
(A2 + M) + (A2 — Ag) (waws — wiws) = 0, (8.10)
(A1 + M)z + (Mg — A1) (waws + wiws) = T4y <a,51,52, 2) s(a)v?, (8.11)
Az + A2)ég + (A2 — A3)(wswe + wiwa) = 0, (8.12)
(M + A3)ds + (A3 — A1) (waws — wiws) = —x3N <a, 1, Ba, 2) s(a)v?, (8.13)
(A 4 A2)we + (M — Xo)(waws + waw3) = 2oy <a, B1, Ba, 2) s(a)v? (8.14)

Thus, the phase space of system (8.3)—(8.6), (8.9)—(8.14) of tenth order is the direct product of the
four-dimensional manifold and the Lie algebra so(4):

R! x 83 x so(4). (8.15)
We note that system (8.3)—(8.6), (8.9)—(8.14), due to the existing dynamical symmetry

Iy = I3 = 14, (8.16)
possesses cyclic first integrals
w1 = w = const, ws=w) =const, ws=w] = const. (8.17)

We will henceforth consider the dynamics of the system on zero levels:

W) =wd =wi =0. (8.18)
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If we consider a more general problem on the motion of a body under a tracing force T that lies on
the straight line CD = Dzq and assume that the relation

v = const (8.19)
is satisfied throughout the motion (see [91]), then instead of F; system (8.3)—(8.6), (8.9)—(8.14) contains
T — s(a)v®, o= DC. (8.20)

Choosing the value T of the tracing force appropriately, we can assume Eq. (8.19) throughout the
motion. Indeed, expressing T" on the basis of system (8.3)—(8.6), (8.9)—(8.14), we obtain for cosa # 0
the relation

mo sin o

T = Ty(e, B1, B2, Q) = mo (Wi +wi + wi) + s(a)v? [1 - I, <a,51,52, 2)] , (8.21)

215 cos

where
Ly «a, B, B, , ) = AN a, B, B2, , ) Sin Bisin o + 23N | «, B, P, , ) S B1 cos B2

+ Ton <04,51,527 2) cos B1; (8.22)

here we used conditions (8.17)—(8.19).

This procedure can be interpreted in two ways. First, we have transformed the system using the
tracing force (control) that enables us to consider the class (8.19) of motions of interest. Second, we
can treat this as an order-reduction procedure. Indeed, system (8.3)—(8.6), (8.9)—(8.14) generates the
following independent system of sixth order:

Qv cosacos B — Brusinasin By + wgv cos a — o = 0, (8.23)

v cos asin By cos By + Bivsin a cos By cos By — Bov sin asin By sin By — wyv cos a + 0w = 0, (8.24)

& cos acsin (1 sin By + Blv sin « cos 31 sin B + Bgv sin asin By cos By + wsvcosa — owg =0,  (8.25)

Q
212(-;}3 = T4N <Oé, ﬁlvﬁ?) ’U> S(Oé)’U2, (826)
. Q 2
2lws = —x3N | o, B1, B2, v s(a)v”, (8.27)
. Q 2
2I2w6 = I2N avﬁlvﬁ?) v S(Oé)’U ) (828)

which, in addition to the permanent parameters specified above, contains the parameter v.
System (8.23)—(8.28) is equivalent to the system

A cos o + v cos a [wg cos B — ws sin By cos By + ws sin By sin P

8.29
+0 [—Wg cos B1 + Ws sin 31 cos By — Wz sin By sin fa] = 0, ( )
Brvsin a — v cos o [ws cos By cos By 4 we sin B1 — ws cos By sin Fo] (8.30)
+0 [Ws cos 1 cos fawg sin B — w3 cos By sin Ba] = 0, '
Byvsin asin By + v cos [w3 cos By + ws sin B3] + o [—ws cos By — Ws sin B3] = 0, (8.31)
2 Q
(".)3 = ;I2 T4N (Oé, 517 527 1)> s(a), (832)
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2
5= = gy oon () ) sta), (5.33)
v Q
W6 = o, 2N (04,/31”32, v> s(a). (8.34)

We introduce new quasi-velocities. For this purpose, we transform ws, ws, and wg by means of two
rotations:

21 w3
2o | = T1(—=B1) o T3(—f2) | ws | » (8.35)
23 We
where
1 0 0 cosfBy —sinfy 0
Ti(f1) =10 cospy —sinfy |, T5(f2)=|sinfs cosfs 0]. (8.36)
0 sinfp; cosfBy 0 0 1

Therefore, the following relations hold:
21 = w3 cos By + ws sin B,
z9 = —wg cos 1 sin By + ws cos 1 cos [o + wg sin F1, (8.37)

z3 = ws sin B sin By — ws sin 81 cos o + wg cos [1.

As we see from (8.29)—(8.34), we cannot solve the system with respect to &, By, and By on the
manifold

0, = {(a,ﬂl,ﬂg,wg,w5,w6) ERS: 0 = ;rk: B =xl, k1€ Z}. (8.38)

Therefore, on the manifold (8.38) the uniqueness theorem is formally violated. Moreover, for even
k and any [, an indeterminate form appears due to the degeneration of the spherical coordinates
(v, e, B1, B2). For odd k, the uniqueness theorem is obviously violated since the first equation (8.29)
is degenerate.

This implies that system (8.29)-(8.34) outside (and only outside) the manifold (8.38) is equivalent
to the system

. v s(a Q
a=—z+ " I (a5 8, (8.39)
215 cos « v
. v? Q 9 9y cosa  ov s(a) Q
23 = S(Q)FU 04751”82, - (Zl + 22) . - . z2AU a7/817527
21, v sinaw 2l sina v (8.40)
ov s(o Q '
+ ( )2161) avﬁlvﬁ% )
215 sin « v
2
. v Q CcoS Qv COS (¢ COS
Zo = —__ s(a)A, | o, B, Po, + 2023 7 . b
215 v sin «v sin « sin 5q
(a) 0 () cos B 0 640
ov s(«o ov s(a) cos
+ . Z3AU avﬁl)ﬁ% - . . 12161) avﬁlvﬁ?) )
215 sin « v 215 sin « sin 5 v
2
. v Q CcoS Qv COS (¢ COS
1= 5()Oy | @, B1, B2, + 2123 . — 2122 . 61—
215 v sin «v sin « sin 5q (8.42)

7Y S(Oé) 2361) <a7ﬁ17ﬁ27 2) + 7Y S(Oé) €08 lBl 2261) <a7ﬁ17ﬁ27 2) )

B 215 sin o 215 sin « sin 5
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Bl =22 cos e + oY S(a) Av <a7617627 &Z> ’ (843)

sinae 2y sina

Cos v ov  s(a)

B2 = —z1 © <a7ﬁ17ﬁ27 2) ’ (844)

. . . . v
sinasin 87 2[5 sinasin 5q

where

A, <a,ﬂl,ﬂz, f) . <a,ﬂl,ﬁg, f) cos By sin B + T3y (a,ﬁl,ﬁg, f) cos 1 cos o
, (8.45)
— 2N <a7ﬁ17ﬁ27 'U) Sinﬁl)

0, (i) ) =aan (v ) cosi = aay () ) sn i, (5.46)

and the function I'y, (o, 81, B2, §2/v) can be represented in the form (8.22).

Here and in the discussion that follows, the dependence on the group of variables («, 51, 82, Q2/v) is
meant as a composite dependence on («, 81, B2, 21 /v, 22/v, 23 /v) due to (8.37).

The uniqueness theorem for system (8.29)—(8.34) on the manifold (8.38) for odd k is violated in
the following sense: for odd k, a nonsingular phase trajectory of system (8.29)—(8.34) passes through
almost all points of the manifold (8.38), intersecting the manifold (8.38) at right angle, and there
exists a phase trajectory that at any moment of time completely coincides with the point specified.
However, physically these trajectories are different since they correspond to different values of the
tracing force.

We prove this assertion. As was shown above, to maintain a constraint of the form (8.19), we must
take a value of T for cos a # 0 according to (8.21).

Let

im *@p, <a,ﬁ1,ﬁg, 2) =L (51,52, 2) . (8.47)

a—m/2 COS &

Note that |L| < 400 if and only if

lim
a—m/2

6604 <Fv <0451752, 2) s(a)>' < +oo. (8.48)

For a = 7/2, the required value of the tracing force is defined by the equation

mo Lv?

™
T:Tv<27517/8279):ma(w§+wg+wg)_ 2]’2

(8.49)
where w3, ws, and wg are arbitrary.

On the other hand, maintaining the rotation about some point W by the tracing force, we must
choose this force according to the relation

’I’)’L’U2

8.50
i (3.50)

s
T = Tv (27ﬁ176279) =
where Ry is the distance between C' and W.

Relations (8.21) and (8.50) define, in general, different values of the tracing force T' for almost all
points of the manifold (8.38), which proves our assertion.
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9. Case Where the Moment of a Nonconservative Force
Is Independent of the Angular Velocity

9.1. Reduced system. As in the choice of Chaplygin analytic functions (see [16, 17]), we take the
dynamical functions s, xon, 3N, and x4y in the following form:

s(a) = Bcos a,

Q .
Ta2N <a7517/827 'U> = $2N0(Oé,,81,,82) = ASlnaCOSﬂla
Q .
T3N (04”31,/32, U> = 23n0(av, B1, B2) = Asin asin By cos B,

TAN (a,ﬁl,ﬂg, v> = z4no(a, B1, B2) = Asinasin 31 sin fa,

where A, B > 0 and v # 0. We see that in the system considered, the moment of nonconservative
forces in independent of the angular velocity (but depends on the angles «, (1, and 32). Moreover,
the functions I'y, («, 51, B2, 2/v), Ay (o, B1, P2, 2/v), Oy (o, f1, P2, /v) in system (8.39)—(8.44) assume
the following form:

Fv <a7517/827 &Z> = Asina, A’U <a7/817/827 2) = @U <a7517527 2) =0. (92)

Then, due to the nonintegrable constraint (8.19) outside the manifold (8.38), the dynamical part of
the equations of motion (system (8.39)—(8.44)) has the form of the following analytic system:

ocABv
Y= — i 9.3
& z3 + o1, sin a, (9.3)
ABv? 9 9y COSQ
Z3 = sinacosa — (21 + 2 , 9.4
3 215 ( ! 2) sin « (9-4)
cos « COS (v COS
22 = 29223 . Z% . . /81, (95)
sin « sin «v sin 51
. cos « cos a cos 1
21 =2123 .  — 2% . ) , (9.6)
sin a sin v sin 5y
. CoS «
Pr=z . , (9.7)
sin o
. COoS (v
= — . 9.8
B2 sin asin 31 (98)
Further, introducing dimensionless variables and parameters and a new differentiation as follows:
AB .
2k > nouzg, k=1,2,3, ni= of, b=ong, {)=mnov({’), (9.9)
we reduce system (9.3)-(9.8) to the form
o = —z3+bsina, (9.10)
, . 9 9y COS (v
Za =SInacosa — (27 + 2 . 9.11
3 ( 1 2) sma’ ( )
, cos & o COS & cos 31
2o = 29Z Z 9.12
27 % gina " 'sinasinB’ (9-12)
cos & COS (v COS
2 =223 . — 2129 . ) ﬁl, (9.13)
sin « sin «v sin 5q
cos «
B =2, (9.14)
sin «
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COS «x

By =—2 (9.15)

sinasin B
We see that the sixth-order system (9.10)-(9.15) (which can be considered as a system on the
tangent bundle T'S? of the three-dimensional sphere S?, see below) contains the independent fifth-
order system (9.10)—(9.14) on its own five-dimensional manifold.
For the complete integration of system (9.10)—(9.15), in general, we need five independent first
integrals. However, after the change of variables

Z1 z
<22> — <2*> , 2= \/z% + 22, 2= 29/21, (9.16)

system (9.10)—(9.15) splits as follows:

o = —z3 + bsina, (9.17)
25 = sina cos o — 22 C,Osa, (9.18)
sin «
2 = zzgc,osa, (9.19)
sin «
g ] 5 Cos a cos B 9.90
= @)1+ e L (9:20)
(g P cosa 9.91
=) (9.21)
8 z oS & (9.92)

=) V1 22 sin aesin B

We see that the sixth-order system splits into independent subsystems of lower order: system (9.17)—
(9.19) has order three and system (9.20), (9.21) (after a change of the independent variable) order
two. Thus, for the complete integration of system (9.17)—(9.22) it suffices to specify two independent
first integrals of system (9.17)-(9.19), one first integral of system (9.20), (9.21), and an additional first
integral that “attaches” Eq. (9.22).

Note that system (9.17)—(9.19) can be considered on the tangent bundle T'S? of the two-dimensional
sphere S2.

9.2. Complete list of invariant relations. System (9.17)-(9.19) has the form of a system that
appears in the dynamics of a three-dimensional (3D) rigid body in a field of nonconservative forces.

First, we establish a correspondence between the third-order system (9.17)—(9.19) and the nonau-
tonomous second-order system

dzz  sinacosa — 2% cos o/ sin «
do —23 .+ bsin o (9.23)
dz  zzzcosa/sina
dae  —z3+bsina
Applying the substitution 7 = sin «, we rewrite system (9.23) in algebraic form
dzg  T—2%)T
dr  —z3+0b71 (9.24)
dz  zz3/T
dr  —z3+br
Introducing homogeneous variables by the formulas
Z=uiT, 23 = UaT, (9.25)
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we reduce system (9.24) to the following form:

dug 1—u?
T + ug = ,
du1 + Ui1U2
T up =
dr LR &
which is equivalent to the system
dus 1 —u? 4+ ud — buy
T =
dr —ug+b ’
9.27
d’LLl 2’LL1’LL2 — bu1 ( )
T =
dr —ug + b

We establish a correspondence between the second-order system (9.27) and the nonautonomous
first-order equation
dZLQ i 1—u%+u§—bu2

= 9.28
du1 2’LL1’LL2 — b’LLl ( )
which can be easily reduced to exact-differential form:
2 2 _ b 1
d <“2 bz > = 0. (9.29)
u1
Thus, Eq. (9.28) has the following first integral:
5+uf —bug+1
vp U oL C = const, (9.30)
Cal
which expresses in terms of the previous variables has the form
23 + 2% — bzgsina + sin’ o _ 0, = const. (9.31)

zsin o

Remark 9.1. Consider system (9.17)—(9.19) with variable dissipation with zero mean (see [91]) which

becomes conservative for b = 0:
/

o = —Zz3,
25 = sinacos a — zQCosa
5 sina’ (9.32)
, Cos &
Z =zz3
sin «
It possesses two analytic first integrals of the form
22 + 2% 4 sin® a = CF = const, (9.33)
zsina = C5 = const . (9.34)

Obviously, the ratio of the two first integrals (9.33) and (9.34) is also a first integral of system (9.32).
However, for b # 0, neither of the functions

22+ 2% — bzzsina + sin® a (9.35)
and (9.34) is a first integral of system (9.17)—(9.19) but their ratio is a first integral for any b.

Further, we find the explicit form of the additional first integral of the third-order system (9.17)—
(9.19). For this purpose, we transform the invariant relation (9.30) for u; # 0 as follows:

b\? Ci\? v+ C?
<u2—2> +<u1— ;) AL (9.36)
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We see that the parameters of this invariant relation satisfy the condition
b+ CE—4>0, (9.37)
and the phase space of system (9.17)—(9.19) is stratified into a family of surfaces defined by Eq. (9.36).
Thus, by relation (9.30), the first equation of system (9.27) has the form

duy 2 (1= bug +u3) — C1UL(Ch, uz)

TdT N —ug +b

) (9.38)
where
1
Ul(Cl,’u,Q): 9 {C’l:i:\/C%—ﬁl(u%—buz—i-l)}; (939)

the integration constant C is defined by condition (9.37).
Therefore, the quadrature for the search for the additional first integral of system (9.17)—(9.19)
becomes

/dT :/ (b — ug)dug ' (9.40)
T 2t ad) - {C 4 SO -4 (B b + 1)} 2
Obviously, the left-hand side (up to an additive constant) equals
In |sin . (9.41)
If
Uy — g =wy, b =0b>4CF -4, (9.42)

then the right-hand side of Eq. (9.40) has the form

B 1/ d (b3 — 4w?) —b/ dw
4 (B — 4w?) £ C1\/b? — dw? (0? — 4w?) £ C1/b3 — 4w}

VB
Ch

b

1
=—,In £, 11, (9:43)

where

dw3
I = / , wg = \/b2 — 4w?. (9.44)
VT —wi(ws £ C1) b
In the calculation of the integral (9.44), the following three cases are possible.
I. b> 2

1 2 _ 4 2 _ .2
L= . Vb + /b2 wi, O],
202 — 4 w3 + C4 Vb2 —4
1 Vb2 — 4 —\/b? — w3 Ch
+ In ! 3 + const; (9.45
2v/b2 — 4 ' wz = Cy MRV (945)
II. b < 2:
. +Crws + b2
L = t; 4
LS e arcsin by (ws & C) + const; (9.46)
II1. b= 2:
b2 a2
L = YA + const . (9.47)

T T Cwy £ )
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Returning to the variable

z3 b
= - A4
1 Gina ~ 2 (9.48)
we obtain the final expression for I:
I.b>2:
I — — 1 In \/b2—4j:2w1 Cl
S V- Y R N/ S P90 SR MY/ - I
1 \/b2 —4 F 2wy 01
+ n + const; (9.49
2v/b% — 4 \/b%—4w%i01:':\/b2—4 (9.49)
II. b < 2:
1 +C1 /b3 — 4w? + b3
I, = , arcsin O/} — duf + bf + const; (9.50)
Va—b by (\/b§—4w$icl)
II1. b=2:
2w1

I = + const . (9.51)

:F
e <\/b% — dw? £ 01)
Thus, we have found an additional first integral for the third-order system (9.17)-(9.19) and we
have the complete set of first integrals that are transcendental functions of their phase variables.

Remark 9.2. We must substitute the left-hand side of the first integral (9.30) into the expression of
this first integral instead of C7. Then the additional first integral obtained has the following structure
(similar to the transcendental first integral in planar dynamics):

z3 z

In|sinal + G (sin a, > = Cy = const. (9.52)

sina’ sina
Thus, for the integration of the sixth-order system (9.17)-(9.22), we have found two independent first
integrals. As was mentioned above, to integrate it completely, it suffices to find one first integral for
(potentially separated) system (9.20), (9.21) and an additional first integral that “attaches” Eq. (9.22).
To find a first integral for (potentially separated) system (9.20), (9.21), we establish a correspondence
between it and the following nonautonomous first-order equation:

dzy 1+ zf cos 1

. 9.53
dp ze sin g ( )
After integration, this leads to the invariant relation
V14 22
— = t .54
sin B, C'3 = const, (9.54)
which in the variables z; and z9 has the form
2, .2
VA + 2 = (3 = const . (9.55)

z1 sin By -
Further, to find an additional first integral that “attaches” Eq. (9.22), we establish a correspondence
between Egs. (9.22) and (9.20) and the following nonautonomous equation:

dz
* = — (14 22) cos fy. 9.56
dfs ( ) cos B1 (9.56)
Since, by (9.54),
C3cos 31 = :l:\/0§ —1-22 (9.57)
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we have

dzy 1 9
=7 (1422 \/02—1—z3. 9.58
dfs Cs ( )V G (9.38)
Integrating the last relation, we arrive at the following quadrature:
ngz*
F(B2+C :/ , Cy = const. 9.59
(B +C4) (1+22) /02 —1-22 ° (9:59)
Integrating this relation we obtain
ng* _
Ftan(fe + Cy) = e DR C4 = const . (9.60)
In the variables z; and zy the last invariant relation has the form
C
Ftan(fe + Cy) = 872 ,  C4=const. (9.61)

V(€3 -1)2 -2

Finally, we have the following form of the additional first integral that “attaches” Eq. (9.22):

C324
arctan 3% + s =Cy, Cy= const (9.62)
VO3 — 122
or c
arctan 372 + By =C4, C4=const. (9.63)

V(@3 =1)22 23

Thus, in the case considered, the system of dynamical equations (8.3)—(8.6) and (8.9)—(8.14) under
condition (9.1) has eight invariant relations: the nonintegrable analytic constraint of the form (8.19),
the cyclic first integrals of the form (8.17), (8.18), the first integral of the form (9.31), the first integral
expressed by relations (9.45)—(9.52), which is a transcendental function of the phase variables (in the
sense of complex analysis) expressed through a finite combination of elementary functions, and, finally,
the transcendental first integrals of the form (9.54) (or (9.55)) and (9.62) (or (9.63)).

Theorem 9.1. System (8.3)—(8.6), (8.9)~(8.14) under conditions (8.19), (9.1), (8.18) possesses eight
invariant relations (complete set), four of which are transcendental functions from the point of view of
complex analysis. Moreover, all the relations are expressed through finite combinations of elementary
functions.

9.3. Topological analogies. Consider the following fifth-order system:

é—i— b*é cos& +siné cos & — [7]’12 + 7j,2 sin? 771] sz =0,
cos
. . . 1+ cos? o .
11 + barjr cos & + &y . ; - 7722 sinny cosny = 0, (9.64)
cos€siné
. . .. 1+ cos? .. COS
72 + byj2 cos § + £ . ; 21172 T —0, b >0,
cos&siné cos M

which describes a fixed four-dimensional pendulum in a flow of a running medium for which the
moment of forces is independent of the angular velocity, i.e., a mechanical system in a nonconservative
field (see [14, 15, 150]). In general, the order of such a system is equal to 6, but the phase variable 7
is a cyclic variable, which leads to the stratification of the phase space and reduces the order of the
system.

The phase space of this system is the tangent bundle

TS3 {5777.1777.27&.77717772} (965)
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of the three-dimensional sphere S3{¢,71,m2}. The equation that transforms system (9.64) into the
system on the tangent bundle of the two-dimensional sphere

1 = 0, (9.66)

and the equations of great circles
n=0 172=0 (9.67)

define families of integral manifolds.

It is easy to verify that system (9.64) is equivalent to a dynamical system with variable dissipation
with zero mean on the tangent bundle (9.65) of the three-dimensional sphere. Moreover, the following
theorem holds.

Theorem 9.2. System (8.3)(8.6), (8.9)(8.14) under conditions (8.19), (9.1), and (8.18) is equiva-
lent to the dynamical system (9.64).

Proof. Indeed it suffices to set a =&, B = 11, fo =12, and b = —b,. [ ]

For more general topological analogies, see [91].

10. Case Where the Moment of a Nonconservative Force
Depends on the Angular Velocity

10.1. Introduction of the dependence on the angular velocity. This chapter is devoted to
the dynamics of a four-dimensional rigid body in four-dimensional space. Since the present section
is devoted to the study of motion in the case where the moment of forces depends on the tensor of
angular velocity, we introduce this dependence in a more general situation. This also allows us to
introduce this dependence for multi-dimensional bodies.

Let x = (x1n, Ta2N, x3N, 4N ) be the coordinates of the point N of application of a nonconservative
force (influence of the medium) acting on the three-dimensional disk and let Q = (Q1, Q2, @3, Q4) be
the components of the force S of the influence of the medium independent of the tensor of the angular
velocity. We consider only the linear dependence of the functions (z1y, zon, T3n, T4n) on the tensor
of angular velocity since this introduction is not itself a priori obvious (see [14, 15]).

We adopt the following dependence:

r=Q+R, (10.1)

where R = (Ry, Ra, R3, Ry4) is a vector-valued function containing the components of the tensor of
angular velocity. The dependence of the function R on the components of the tensor of angular
velocity is gyroscopic:

R 0 —Wwg Wy —Ws hi

. R2 . 1 we 0 —Ww4 (095 hg
R = R3 - _U —Ws5 W4y 0 —W1 hg ’ (10'2)

R4 ws —W2 w1 0 h4

where (hq, ho, hs, hy) are some positive parameters (cf. [14, 15, 91]).
Since x1ny = 0, we have

w w w
ToN :QQ_hl UG, T3N = Qg—i—hl U57 T4N :Q4—h1 Ug' (10.3)
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10.2. Reduced system. As in the choice of the Chaplygin analytic functions (see [16, 17])

Q2 = Asin « cos (3,

Qs = Asinasin fy cos By, (10.4)
Q4 = Asinasin fysin 8y, A >0,

we take the dynamical functions s, xon, x3n, and x4y in the following form:

s(a) = Beosa, B > 0,

Q
ToN (a,ﬁl,ﬂg, v> = Asin « cos 51 —hbj}(j, h=hy >0, v#0,

T3N a,,@l,,ﬁg,v :As1na81nﬂlcos,82+hv, h=hy >0, v#0,

Q
T4N <a,ﬁl,ﬁg, v> :Asinasinﬁlsinﬁg—h(f’, h=hy >0, v#0.

This shows that in the problem considered, there is an additional damping (but accelerating in certain
domains of the phase space) moment of a nonconservative force (i.e., there is a dependence of the
moment on the components of the tensor of angular velocity). Moreover, hy = hy = hy due to the
dynamical symmetry of the body.

In this case, the functions I'y, («a, f1, B2, Q/v), Ay (o, B1, B2, 2/v), and ©, (a, 1, P2, §2/v) in the sys-
tem (8.39)—(8.44) have the following form:

Fv <a7517527 Q> = Asina — hz37
v v

Q h
A, (04,51,52, > = 29, (10.6)
v v

Q h
91) <a7517527 > = - 2.
v v

Then, due to the nonintegrable constraint (8.19), outside the manifold (8.38) the dynamical part of
the equations of motion (system (8.39)—(8.44)) takes the form of the analytic system

&= <1 + Uﬁ:) Pt U;f“ sin o, (10.7)
Z3 = A£:2 sinacos o — <1 + C;?j) (zf + z%) :?sz - B;sz?, Cos a, (10.8)
a= (145 Jante + (14 0 ) e 0 D cosa (109)
a= (145 Jamie — (1450 ) ane it - O cosa (10.10)
4 = <1 + U;:) 2 ::’nsz (10.11)
By = — <1 + Uﬁ:) Y Sin‘;‘:zii . (10.12)
Introducing dimensionless variables and parameters and a new differentiation as follows:
zZE — nouvz, k=1,2,3, n% = gli, b=ong, Hp= ZIBQZO’ () = ngv{’), (10.13)
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we reduce system (10.7)—(10.12) to the form

&=—(1+bH;)z+bsina, (10.14)
Zg =sinacosa — (1 + bHy) (z% + zg) c?sa — Hjzscos a, (10.15)
sin «
Zo = (14 bHy) zgzgc,osa + (1 +bH,) 22 c?sa C?S b _ Hi 2z cos a, (10.16)
sin sin «v sin 51
= (1 + le) 2123 C.OSOé — (1 + le) 2129 C,OS @ C,OS b — Hyzi cosa, (10.17)
sin a sin «¢ sin 51
. Cos &
= (1 + le)Zg . , (1018)
sin «
; cos &
=—(1+bH . 10.19
& (1+bH) 21 sin aesin 31 ( )

We see that the sixth-order system (10.14)—(10.19) (which can be considered on the tangent bundle
TS? of the three-dimensional sphere S3), contains an independent fifth-order system (10.14)—(10.18)
on its own five-dimensional manifold.

For complete integration of system (10.14)—(10.19), we need, in general, five independent first
integrals. However, after the change of variables

Z1 z
<z2> — <z*> , 2= \/z% + 23, 2= 29/21, (10.20)

system (10.14)-(10.19) splits as follows:

o =—(1+bHy)z3 + bsina, (10.21)
;. 5 COS (v
zg =sinacosa — (1 +bH;)z sing H 23 cos a, (10.22)
2= (14 bH)zz3 C?Sa — Hyzcos a, (10.23)
sin «
2 = (2)(1+ bHy) /1 4 22905 €A1 (10.24)

sin a sin By’
) 22¢  COSQ
V14 22 sina’
z cos «

)\/1 + 22sinasin

B = (£)(1 +bH; (10.25)

By = (F)(1 + bHy (10.26)

We see that the sixth-order system splits into independent subsystems of lower orders: sys-
tem (10.21)—(10.23) of order 3 and system (10.24), (10.25) (certainly, after a choice of the independent
variables) of order 2. Thus, to integrate system (10.21)-(10.26) completely, it suffices to find two
independent first integrals of system (10.21)—(10.23), one first integral of system (10.24), (10.25), and
an additional first integral that “attaches” Eq. (10.26).

Note that system (10.21)—(10.23) can be considered on the tangent bundle T'S? of the two-
dimensional sphere S2.

10.3. Complete list of invariant relation. System (10.21)-(10.23) has the form of a system of

equations that appears in the dynamics of a three-dimensional (3D) rigid body in a nonconservative
field.
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First, we establish a correspondence between the third-order system (10.21)—(10.23) and the nonau-
tonomous second-order system

dz3 sinacosa — (14 bHy)z? cosa/sin o — Hyz3 cos a

do —(1+bH1)z3 + bsina
dz (1 +0bHy)zz3cosa/sina — Hizcosa

doo —(14+bHy)z3 + bsina

)

(10.27)

Using the substitution 7 = sin a, we rewrite system (10.27) in the algebraic form:

dzs  7—(1+bHy)2?/7 — Hyz3
dr —(1+bHy)zs+br
dz (14 bHy)zz3/T — Hi2

dr — —(1+bHy)z3 +br

(10.28)

Further, introducing homogeneous variables by the formulas
Z=u|T, 23 = UaT, (10.29)
we reduce system (10.28) to the following form:

dus 1 — (14 bHy)u? — Hyug
T + ug = ,

dr —(1+bH)ug +b

du1 (1 + le)u1u2 - Hlul

Tar T (b us + b

(10.30)

which is equivalent to
7_du2 (1—|—le) (u%—u%) —(b+H1)U2+1

dr —(1+bH)ug +b ’
dul . 2(1 + le)ulng — (b + Hl)ul
dr —(1+bHy)ug + b

(10.31)

We establish a correspondence between the second-order system (10.31) and the nonautonomous
first-order equation

du2 . 1-— (1 + le) (u% — u%) — (b+H1)U2

= 10.32
duy 2(1 + le)ulug — (b + Hl)ul ( )
which can be easily reduced to exact-differential form:
1+bHy) (U3 +u}) — (b+ H 1
d<( + b (uz + i) = (b HiJug + ) = 0. (10.33)
Uy
Thus, Eq. (10.32) has the following first integral:
1+ bHy) (ud +u}) — (b+ Hyug + 1
( 1) (u3 +uf) — ( 1)Uz — Oy = const, (10.34)
Cal
which in the original variables has the form
1+ bHy) (23 + 2%) — (b+ Hi)z3si in?
(1+bH1) (25 + 2*) — (b + Hi)zzsina + sin ® _ ¢ = const. (10.35)

zZsin o
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Remark 10.1. Consider system (10.21)—(10.23) with variable dissipation with zero mean (see [91]),
which becomes conservative for b = Hy:

o =— (1 +b2) z3 + bsin a,

P (14 p?) 2008
2z = sinacos a ( +b ) 2 e bz3 cos (10.36)
7 = (1 + b2) 223 C,OS @ _ bz cos a.
sin
It possesses the following two analytic first integrals:
(140%) (23 + 2°) — 2bzgsina + sin? a = CF = const, (10.37)
zsina = C5 = const. (10.38)

Obviously, the ratio of the two first integrals (10.37) and (10.38) is also a first integral of system (10.36).
However, for b # H;, none of the functions

(1+bH;y) (z§+z2) — (b+ Hy)z3sina + sin’ o (10.39)

and (10.38) is a first integral of system (10.21)-(10.23), but their ratio is a first integral of sys-
tem (10.21)—(10.23) for any b and Hj.

We find the explicit form of the additional first integral of the third-order system (10.21)—(10.23).
First, we transform the invariant relation (10.34) for u; # 0 as follows:

b+H, \° Ch 2 (b—H)2+C2—4
_ _ = . 10.40
<“2 2(1 + bH1)> - (“1 2(1 + bH) A(1 + bH; )2 (10-40)
We see that the parameters of this invariant relation must satisfy the condition
(b—H)?+C?—4>0, (10.41)

and the phase space of system (10.21)-(10.23) is stratified into the family of surfaces defined by
Eq. (10.40).

Thus, due to relation (10.34), the first equation of system (10.31) has the form
dus . 2(1 + le)’LL% — 2(b + Hl)'LLQ +2— OlUl(Cl,UQ)

TdT b—(l+bH1)U2 ’

(10.42)
where

1
(1+bHy)

Un(Chyuz) = \/C2 — 4(1 + bH) (1~ (b+ Hy)us + (1+ bH1)u3).

and the integration constant C is defined by condition (10.41).
Therefore, the quadrature for the search for an additional first integral of system (10.21)—(10.23)
becomes

Ui(Cr,u2) = 5 {C1 £ Us(Cy,u2)},

/ dr _ / (b— (14 bHy)uz)dus . (10.43)
T 2(1 — (b+ Hy)ug + (1 + bHy)u2) — C1{C1 £ U2(C1,u2)}/(2(1 + bHy))
Obviously, the left-hand side (up to an additive constant) is equal to
In | sin a. (10.44)
If
Uy — 2(?12{;11) —w, b= (b—H))?+C}—4, (10.45)

then the right-hand side of Eq. (10.43) becomes
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1 / d (b7 — 4(1 + bHy)w?)
(b2 — 4(1 + bH)w?) £ C1/b? — 4(1 + bHy)w?
dw1

—(b—Hy)(1+ le)/

(b2 — 4(1 + bHy)w?) £ C1/b? — 4(1 + bHy)w?

1 4(1+ bH - H
— +oHwt b 'n,
2 Ch
where g
w3
1:/ . ws = /b2 —4(1 + bH)w?
= g ey " VRO
In the calculation of the integral (10.47), the following three cases are possible:
I. b—Hy| > 2
1 V(b= Hp)? =4+ /0 — w3 Ch
Il = — In +
2¢/(b— Hy)? — 4 w3 = Cy \/(b—H1)2—4
1 b—Hy)2 —4— /b2 —
In \/( ) \/ $ @ + const;
2y/(b— Hy)? — w3 + Cy V(b — Hy)? -
II. |b— H1| < 2
1 . +Ciws + b2
L = arcsin + const;
! \/4—(b—H1)2 bl(wgiCl)
III1. |b— Hy| = 2:
I \/b2 + const .
b 01(w3 + 01)
Returning to the variable
z9 b—l-Hl
wp = . - )
sina 2(1+4bH;)
we have the following final form of I;:
I. |b — H1| > 2:
[ \/b H,)? zu:2(1+le)w1i o]
! \/(b—Hl V0 — A+ D)2 £ Oy \/(b— Hy)? — 4
\/b—Hl 4:F2(1+bH1)'LU1 Cl
+ const;
N H1 VR A1+ b2 £C (b~ Hy)? -
II. |b— Hy| <2
1 + b2 — 4(1 + bHy)2w? + b3
I = ) arcsin Cl\/ ! (14 bH: JPwp + by + const;
VA= (b= Hy) by (V8 — 41+ bH 2w £ C )
III1. |b— Hy| = 2:
2(1 H
L==F ( +b l)wl -+ const .

1 b2 — 4(1 + bH1)2w2 +C;
1 1

(10.46)

(10.47)

(10.48)

(10.49)

(10.50)

(10.51)

(10.52)

(10.53)

(10.54)

Thus, we have found an additional first integral for the third-order system (10.21)—(10.23) and we
have the complete set of first integrals that are transcendental functions of their phase variables.
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Remark 10.2. Formally, in the expression of the first integral found, we must substitute for C the
left-hand side of the first integral (10.34).

Then the obtained additional first integral has the following structure (similar to the transcendental
first integral from planar dynamics):

z

In |sina| + G (sin a, ) = C9 = const . (10.55)

sina’ sin «
Thus, to integrate the sixth-order system (10.21)-(10.26), we have already found two independent
first integrals. As was mentioned above, to integrate it completely, it suffices to find one first integral
for the (potentially separated) system (10.24), (10.25) and an additional first integral that “attaches”
Eq. (10.26).
To find a first integral of the (potentially separated) system (10.24), (10.25), we establish a corre-
spondence between it and the following nonautonomous first-order equation:

dze 1+ zf cos 31

. 10.56
dp ze sin g ( )
After integration we obtain the required invariant relation
1 2
\/, T C3 = const, (10.57)
sin 5q
which in terms of the variables z; and 29 has the form
24,2
\/Zl_ T C3 = const . (10.58)
21 sin 31

Further, to obtain an additional first integral that “attaches” Eq. (10.26), we establish a correspon-
dence between Egs. (10.26) and (10.24) and the following nonautonomous equation:

dzy

a8 =" (1+22) cos B1. (10.59)
Since
Cszcos 31 = i\/0§ —1-—22 (10.60)
by (10.57), we have
dz 1
* = 1+ 22 \/02—1—z3. 10.61
dﬁz :':03 ( ) 3 ( )
Integrating this relation, we arrive at the following quadrature:
C3dzs
F(B2+C :/ , Cy = const. 10.62
A= i yea1-2 @ (1062)
Integration leads to the relation
Cs 24
Ftan(fe + Cy) = 8% ,  C4=const. (10.63)
VC3-1-2
Expressed in terms of the variables z; and zo this invariant relation has the form
C
Ftan(fy + Cy) = 872 ,  C4=const. (10.64)

V@ -1)z -2
Finally, we have the following additional first integral that “attaches” Eq. (10.26):
C324
arctan 3% + By =C4, Cy=const (10.65)

VC3—1- 2
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or
C
arctan 372 + By =C4, C4=const. (10.66)

V(@ -1)22 23
Thus, in the case considered, the system of dynamical equations (8.3)(8.6), (8.9)—(8.14) under
condition (10.5) has eight invariant relations: the analytic nonintegrable constraint of the form (8.19),
the cyclic first integrals of the form (8.17) and (8.18), the first integral of the form (10.35), the
first integral expressed by relations (10.48)—(10.55), which is a transcendental function of the phase

variables (in the sense of complex analysis) expressed through a finite combination of functions, and
the transcendental first integrals of the form (10.57) (or (10.58)) and (10.65) (or (10.66)).

Theorem 10.1. System (8.3)—(8.6), (8.9)—(8.14) under conditions (8.19), (10.5), and (8.18) pos-
sesses eight invariant relations (complete set); four of them are transcendental functions from the
point of view of complex analysis. All the relations are expressed through finite combinations of ele-
mentary functions.

10.4. Topological analogies. Consider the following fifth-order system:

sin§

€+ (by — Hy,)E cos € + siné cos & — [77'12 + 7j22 sin? 171] cost 0,
. . .. 14 cos? L9 .
11 + (b — Hyy)1j1 cos & + &y . ¢ — 1j2? sinmy cosmy = 0, (10.67)
cos€siné
. ) .. 1+ cos? . COS
12 + (b« — Hix)1j2 cos € + &nja . ; + 2172 n =0,
cos&siné cos 1M1

where b, > 0 and Hy, > 0. This system describes a fixed four-dimensional pendulum in a flow of a
running medium for which the moment of forces depends on the angular velocity, i.e., a mechanical
system in a nonconservative field (see [14, 15, 150]). Generally speaking, the order of this system must
be equal to 6, but the phase variable 1y is a cyclic variable, which leads to the stratification of the
phase space and reduces the order of the system.

The phase space of this system is the tangent bundle

T83 {5777.1777.27&.77717772} (1068)

of the three-dimensional sphere S3{¢,n;,72}. The equation that transforms system (9.64) into a
system on the tangent bundle of the two-dimensional sphere

=0 (10.69)

and the equations of great circles
=0, 172=0 (10.70)
define families of integral manifolds.
It is easy to verify that system (10.67) is equivalent to a dynamical system with variable dissipation
with zero mean on the tangent bundle (10.68) of the three-dimensional sphere. Moreover, the following
theorem holds.

Theorem 10.2. System (8.3)(8.6), (8.9)(8.14) under conditions (8.19), (10.5), and (8.18) is equiv-
alent to the dynamical system (10.67).

Proof. Indeed, it suffices to set a« =&, B1 =1, B2 =19, b = —by, and Hy = —Hj,. | ]

On more general topological analogies, see [91].

843



CHAPTER 3

CASES OF INTEGRABILITY
CORRESPONDING TO THE MOTION OF A RIGID BODY
IN FOUR-DIMENSIONAL SPACE, 11

In this chapter, we systematize results, both new results and results obtained earlier, concerning the
study of the equations of motion of an axisymmetric four-dimensional (4D) rigid body in a field of
nonconservative forces. These equations are taken from the dynamics of realistic rigid bodies of lesser
dimension that interact with a resisting medium by laws of jet flow when the body is subjected to a
nonconservative tracing force such that throughout the motion the center of mass of the body moves
rectilinearly and uniformly; this means that in the system there exists a nonconservative couple of
forces (see [5, 31, 36, 46, 53, 71, 77, 81, 88, 139, 152]).

Earlier, in [42, 81] the author proved the complete integrability of the equations of plane-parallel
motion of a body in a resisting medium under the conditions of jet flow in the case where the system
of dynamical equations possesses a first integral which is a transcendental (in the sense of the theory
of functions of a complex variable) function of quasi-velocities. It was assumed that the interaction of
the body with the medium is concentrated on a part of the surface of the body that has the form of
a (one-dimensional) plate.

Subsequently (see [76, 77, 95]), the planar problem was generalized to the spatial (three-dimensional)
case, where the system of dynamical equations possesses a complete set of transcendental first integrals.
In this case, it was assumed that the interaction of the medium with the body is concentrated on a
part of the surface of the body that has the form of a planar (two-dimensional) disk.

In this chapter, we discuss results, both new results and results obtained earlier, concerning the
case where the interaction of the medium with the body is concentrated on a part of the surface of the
body that has the form of a three-dimensional disk and the force acts in the direction perpendicular
to the disk. We systematize these results and formulate them in invariant form. We also introduce
an additional dependence of the moment of a nonconservative force on the angular velocity; this
dependence can be generalized to motion in higher-dimensional spaces.

11. General Problem of Motion Under a Tracing Force

Consider the motion of a homogeneous, dynamically symmetric (case (7.1)), rigid body with “front
end face” (a three-dimensional disk interacting with a medium that fills four-dimensional space) in
the field of a resistance force S under quasi-stationarity conditions (see [16, 17, 30, 35, 36, 42, 43, 89,
108, 126, 145, 152].

Let (v, e, 81, B2) be the (generalized) spherical coordinates of the velocity vector of the center D of
the three-dimensional disk lying on the axis of symmetry of the body, let

0 —We ws —Wws3
0= we 0 —W4 w2
—Ws5 W4y 0 —W1
w3 ) w1 0

be the tensor of angular velocity of the body, and let Dxyxox3x4 be the coordinate system attached to
the body such that the axis of symmetry C'D coincides with the axis Dx; (recall that C is the center
of mass), the axes Dxy, Dxs, and Dxy4 lie in the hyperplane of the disk, while Iy, Iy, Is = I, Iy = I,
and m are the characteristics of inertia and mass.
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We adopt the following expansions in projections onto the axes of the coordinate system Dxqxox3zy:

DC = {—0,0,0,0},

11.1
vp = {vcosa, vsin a cos 81, vsinasin By cos By, vsinasin by sinﬁ2}. ( )

In the case (7.1) we additionally have an expansion for the function of the influence of the medium
on the four-dimensional body:

S ={-5,0,0,0} (11.2)

i.e., in this case F = S.

Then the set of dynamical equations of motion of the body (including the Chaplygin analytic
functions, [16, 17], see below) that describes the motion of the center of mass and corresponds to the
space R, in which the tangent forces of the influence of the medium on the three-dimensional disk
vanish, takes the form

D CosS o — G Sin o — wg sin « cos 1 + wsv sin aesin B cos B — w3v sin arsin By sin By

s (11.3)
+o (wg +w§ +w§) = —m,

¥ sin a.cos B1 + & cos a.cos 1 — Blv sin arsin 81 4 wgv cos @ — w4v sin asin B cos Bo (11.4)
+wov sin acsin B sin fo — o (waws + waws) — owg = 0, '

U sin asin By cos By + v cos acsin By cos By + B1vsin acos By cos By — Bov sin asin By sin Bo

11.5
—ws5v oS @ + wyv sin o cos B1 — wiv sin asin By sin By — 0 (—wiws + wyws) + ows = 0, ( )
¥ sin asin By sin B + v cos acsin By sin By + B1v sin accos By sin By + Bov sin asin By cos Bo (11.6)
+w3v cos o — wav sin cv cos B + wiv sin asin By cos fo + o (waws + wiws) — ows = 0, ’
where
S =s(a)v?, o=CD, v>0. (11.7)

Further, the auxiliary matrix (7.11) for the calculation of the moment of the resistance force takes
the form

0 xon XT3N TaN) .
(_S N T 0), (11.8)

then the set of dynamical equations that describes the motion of the body about the center of mass
and corresponds to the Lie algebra so(4) takes the form

(Ad + A3)w1 + (A3 — M) (waws + waws) = 0, (11.9)
(A2 + M)wa + (A2 — A\g) (wsws — wiwy) = 0, (11.10)
(M + AWz + (Mg — M) (waws + wiws) = 24y (a,,@l,,@, 2) s(a)v?, (11.11)
(A3 + A2)ws + (A2 — A3) (wswe + wiwa) = 0, (11.12)
(M + A3)ws + (A3 — A1) (waws — wiws) = —x3n <a,ﬁ1,ﬁ2, 2) s(a)v?, (11.13)
(A1 + X2)e + (M1 — A2) (waws + waws) = xan <a,,81,,82, 2) s(a)v?. (11.14)
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Thus, the phase space of the tenth-order system (11.3)—(11.6), (11.9)—(11.14) is the direct product
of the four-dimensional manifold and the Lie algebra so(4):

R! x 83 x so(4). (11.15)
Note that system (11.3)—(11.6), (11.9)—(11.14), due to the existing dynamical symmetry

Iy = I3 = 1y, (11.16)
possesses the cyclic first integrals
w) = w? =const, wy = wg = const, w4y = wg = const . (11.17)

Henceforth, we will consider the dynamics of the system on zero levels:

W =wd =wd=0. (11.18)

If we consider a more general problem on the motion of a body under a tracing force T lying on
the straight line C'D = Dz that assumes that throughout the motion the condition
V¢ = const (11.19)

(here V¢ is the velocity of the center of mass, see also [91]) is satisfied, then system (11.3)—(11.6),
(11.9)-(11.14) contains zero instead of Fy, since a nonconservative couple of forces acts on the body:

T —s(a)v* =0, o=DC. (11.20)
For this purpose, obviously, we must select the value of the tracing force T" in the form
T =Ty, Q) = s(a)?, T=-S. (11.21)

The case (11.21) of the choice of the value T of the tracing force is a particular case of the separation
of an independent fifth-order subsystem after a certain transformation of the sixth-order system (11.3)—
(11.6), (11.9)—(11.14).

Indeed, let the following condition for 7" hold:

4

Q Q
T = Tv(a76176279) = E Ti,j <a7ﬁ17ﬁ27 ’U> QZQ] = Tl <a7617627 U> U27 QO = . (1122)
i?j:07
1<y

We introduce new quasi-velocities into the system. For this purpose, we transform ws, ws, and wg
by a composition of two rotations:

21 w3
z92 = Tl(_ﬂl) o T3(—ﬁ2) ws |, (1123)
z3 we
where
1 0 0 cosffs —sinfy 0
Ti(f1) =0 cospy —sinfy |, Ts(f2)=|sinfs cosPfa 0]. (11.24)
0 sinfy cosfq 0 0 1

Thus, the following relations hold:
21 = w3 cos By + ws sin B,
29 = —ws3 €os 31 sin Ba + wx cos B1 cos By + wg sin By, (11.25)

23 = w3 sin B1 sin Py — ws sin 31 cos By + wg cos B1.
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System (11.3)—(11.6), (11.9)—(11.14) in the cases (11.16)—(11.18) and (11.22) can be rewritten in

the form

1)2

) Q
2[28(a) sm o - FU <Oé,61,52, 1)>

Ty (o, B1, Ba, ) v? — s(a)v?
= cos a,
m

b+ 0 (27 + 25 +23) cosa—o

dv+zv—o (2f + 25+ 25)sina — o

Q
o1, s(a)cosa- T, <a,,61,52, v>

s(a)v® =Ty (a, B1, B2, §}) v*

= sin a,
m
. Q
B1sina — z9 cos o — ov s(a) - Ay | o, B, B2, =0,
215 v
s . ov Q
o sin acsin 51 + z1 cos o — s(a) - Oy | o, P1, P, =0,
215 v
2
.0 Q
w3 = 2I2$4N <Oé,61,52, ’U> s(a),

. 02 Q
W5 = _2I2x3N <Oé,51,,82, 'U> S(O[),

. P
We =

2I2$2N <a7617527 2) S(O&).

Introducing new dimensionless phase variables and a new differentiation by the formulas

2 = vy, k=1,2,3, () =nw(’), n1 >0, n; = const,
we reduce system (11.26)—(11.32) to the following form:

'U/ = U\Il(a7517/827 Z)7

o =g+ ony (Zl2+Z22+Z§) sina—|—2IJ s(a)cosa-T'y (a, B1, B2, n1Z)
2n1
T _
Ty (o, B, B2, Z) S(Q)Sin%
mni

s(a) cos «
Z! — T 7Z)— (2} + 72
3 2_[271% v(Oé,/Bl,ﬁQ,TL]_ ) ( 1 + 2) sin o

o s(a o s(a
Z: (@) Ay (o, Br, B2, m1Z) + ( )'@v(a,ﬁl,ﬁz,mz)

- 2 . : 1.
2Iony “sina 2Ion, “sina

_ZS"Il(a71817/827Z)7

(11.26)

(11.27)

(11.28)

(11.29)

(11.30)

(11.31)

(11.32)

(11.33)

(11.34)

(11.35)

(11.36)
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s(a) CoS &
/e -A A Lo Z Z
2 2Lyn? v (o, B, B2, Z) + Zs Ssna T
o s(a@) o

A 7y _
oLy, Psina (o, B, B2,m12) Sy

_Z2"Il(a7/817/827z)7

9 Cos a cos 1
1 . .
sin « sin 51

Z s(a) Oy (o, B, B2,n172)

sin «v

cos a cos 31
sin «v sin 5q

s(a)sina - Ty (a, 1, B2, M1 Z)

s(a) Cos o
A -0, 2V + 21 Z — I Z
1= opn? O, (a, B1, B2, m12Z) + Zy 3 g 17
o s(a) .
- : v ) ) P} Z . Z —Z
250, sin asin By O (@, b1, b2,mZ) - [Zssin fy — Zy cos by
_Zl'\y(avﬁbﬁbz)v
cos o sla
8 = 2" (9 A, (0.1, B2 m 2).
sinae  2I3n7 sino
By=-z_ " 7 s g (B m2)
2 1sinasin51 2Ihn sinasiny Y L2147,
where
U(a, B1, B2, Z) = —om (212 + 222 +232) cos « + 7
2[277,1
+ Tl (O[,,B]_,,BQ,TIlZ) - 8(04) cos a,

mni

Ty (04,51,527 v> = T4N (04,51,527 v> sin 31 sin B2 + w3N <a7ﬁ17ﬁ27 v> sin 31 cos B2

Q
+ zanN <a,51,,82, v> cos f31,

Q Q . Q
A’U <a7517527 'U> = T4N <a7517527 'U> COSBl Sln/B2 + z3n <a7/8171827 ’l)> COS/81 COSBQ

ay\ .
— T2N <Oé,ﬁ1,52, ’U> Slnﬁlv

O, (04,51,527 2) = T4N (04,51,527 2) cos B3 — 3N (04,51,527 2) sin (.

We see that the seventh-order system (11.34)—(11.40) contains an independent sixth-order subsys-
tem (11.35)—(11.40), which can be separately examined in its own six-dimensional phase space.
In particular, this method of separation of an independent sixth-order subsystem can also be applied

under condition (11.21).

(11.37)

(11.38)

(11.39)

(11.40)

(11.41)

(11.42)

(11.43)

(11.44)

Here and in what follows, the dependence on the group of variables («, 81, 82,2/v) is meant as a
composite dependence on (v, 81, B2, 21 /v, 22 /v, z3/v) (and further of (o, 81, B2, n12Z1,n1Z2,n123)) due

to (11.25) and (11.33).
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12. Case Where the Moment of a Nonconservative Force
Is Independent of the Angular Velocity

12.1. Reduced system. As in the choice of Chaplygin analytic functions (see [16, 17]), we select
the dynamical functions s, xan, 3n, and x4y in the following form:

s(a) = Bcosa,

Q .
TaN <Oé,ﬁ1,ﬁ2, v> = xano(a, B1, f2) = Asinacos fi,

Q ) ) (12.1)
T3N a7/817/827 :{1,'3]\[0(04,,81) :ASIHQSlnﬁl COS/B27

20

TAN <a751,ﬂz, U) = z4n0(a, B1, f2) = Asinasin fy sin P,

where A, B > 0 and v # 0. We see that in the system considered, the moment of nonconservative
forces is independent of the angular velocity and depends only on the angles «, (1, and PB3. The
functions 'y, (o, 51, B2, 2/v), Ay (o, 1, B2, 2/v), and O, («a, f1, B2, 2/v) in system (11.34)—(11.40) have
the following form:

Fv <a7517/827 2) = Asina, A’U <a7/817/827 2) = @U <a7517/827 2) =0. (122)

Then, due to conditions (11.19) and (12.1), the transformed dynamical part of the equations of
motion (system (11.34)—(11.40)) becomes the analytic system

U/ :’U‘I/(Oé,ﬁl,ﬁz,Z), (123)
o = —Zg+b(212+Z22 +Z§) sina 4 bsin a cos® (12.4)
Z, =sinacosa — (Z7 + Z3) s bZs (Z3 + Z3 + Z3) cos a — bZ3 sin® acos a, (12.5)
sin «
Zh = ZyZ3 c.osoz + 72 C,OS “ C_OS b +bZs (212 + 73+ Z??) cos o — bZy sin? v cos a, (12.6)
sin a sin «¢ sin 51
Z\ = 7173 c.osoz — 217> c.osoz C.OS b + b7, (212 + Z22 + 232,) cos a — bZ; sin® a cos a, (12.7)
sin « sin ¢ sin 5y
B =701, (12.8)
sin«
I, cosa 12.9
& 'sinasin 8y’ (12.9)

where
V(a, B1, B2, Z) = —b (212 + Z22 + 232) cos o + bsin? a cos o
and the dimensionless parameter b and the constant nq are chosen as follows:

AB
b= 2 _
ano, ’I’LO 212,

Thus, system (12.3)—(12.9) can be considered on its own seven-dimensional phase manifold

ny = ng. (12.10)

Wi =R {v} x TS3{Zl, Ty Zg, O<a<m 0<fB<m 0<f< 27r}, (12.11)

i.e., on the direct product of the number half-line and the tangent bundle of the three-dimensional
sphere S3{O <a<m 0<pi<m 0< B < 277}.

We see that the seven-dimensional system (12.3)—(12.9) contains the independent sixth-order sys-
tem (12.4)—(12.9) on its own six-dimensional manifold.
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For the complete integration of system (12.3)-(12.9) we need, in general, six independent first
integrals. However, after the change of variables

7 Z
<Zz> — <Z> , Z= \/212 + 72, Zi=Zs]7Z, (12.12)

system (12.4)-(12.9) splits as follows:

o = —Zg+b(ZQ+Z§) sin a + bsin o cos? a, (12.13)

74 = sinacos o — 7> (s:iorjz +bZ3 (22 + Zg) cos a — bZzsin® acos a, (12.14)

Z' =225 " +bZ(2°+23) cosa— bZsin acosa, (12.15)
COS (¢ COS

Zi=(R)ZV1+ 22 Singll, (12.16)

B = (£) \/1ZJZF*Zg :::Z (12.17)

By = (F) i o (12.18)

\/1 + Z2sinasin 1

We see that the sixth-order system also splits into independent subsystems of lower orders: sys-
tem (12.13)—(12.15) of order 3 and system (12.16), (12.17) (after the change of the independent
variable) of order 2. Thus, for the complete integrability of system (12.3), (12.13)—(12.18) it suf-
fices to specify two independent first integrals of system (12.13)—(12.15), one first integral of sys-
tem (12.16), (12.17), and two additional first integrals that “attach” Egs. (12.18) and (12.3).

Note that system (12.13)—(12.15) can be considered on the tangent bundle T'S? of the two-
dimensional sphere S2.

12.2. Complete list of first integrals. System (12.13)—(12.15) has the form of a system that
appears in the dynamics of a three-dimensional (3D) rigid body in a nonconservative field.

Note that, by (11.19), the value of the velocity of the center of mass is a first integral of sys-
tem (11.26)—(11.32) (under condition (11.21)); namely, the function of phase variables

Uo(v,, B1, P2, 21, 22, 23) = V2 + o2 (z% + 22 + z%) —20z3vsina = Vc2‘ (12.19)

is constant on phase trajectories of the system (here z1, 22, and z3 are chosen due to (11.25)).
Due to a nondegenerate change of the independent variable (for v # 0), system (12.3), (12.13)—
(12.18) also possesses an analytic integral, namely, the function of phase variables

(v, e, B1, B2, Z, Zs, Z3) = v* (L + b (22 + Z3) — 2bZ3sina) = V3 (12.20)

is constant on phase trajectories of the system.

Equality (12.20) allows one to find the dependence of the velocity of the characteristic point
of the rigid body (the center D of the disk) on the other phase variables without solving sys-
tem (12.3), (12.13)—(12.18); namely, for Vi # 0 we have the relation

2
2 VC’

= . 12.21
Y 14 b2 (Zz—l—Z%) — 2bZ3sin o ( )

Since the phase space

Wy = RL {0} x TS?’{Z, Zuy 73, 0<a<m 0<f<m 0<f< 27r} (12.22)
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of system (12.3), (12.13)—(12.18) has dimension 7 and contains asymptotic limit sets, Eq. (12.20)
defines a unique analytic (even continuous) first integral of system (12.3), (12.13)—(12.18) in the whole
phase space (see [3, 4, 8, 11, 38, 39, 56, 69, 91]).

We examine the existence of other (additional) first integrals of system (12.3), (12.13)-(12.18). Its
phase space is stratified into surfaces

{(1),04,,81,,82,2, Zy, Z3) € Wy : Vo = const }; (12.23)

the dynamics on these surfaces is determined by the first integrals of system (12.3), (12.13)—(12.18).
First, we establish a correspondence between the independent third-order subsystem (12.13)—(12.15)
and the nonautonomous second-order system

dZ3  sinacosa+ bZ3 (22 + Z??) cosa — bZssin® avcos a — Z2 cos a/sina

do —Z3+b (2% + Z3) sina + bsinacos? ’ (12.24)
dz bz (22 + Z3) cosa — bZ sin® acosa + ZZzcos o/ sina '
do —Z3+b (2% + Z3) sina + bsin a cos? o '
Applying the substitution 7 = sin «, we rewrite system (12.24) in algebraic form:
dZs  T+bZ3 (224 Z3) = bZsm* — Z%)T
dr —Z3+br (1 —12)+br (22 +23)° (12.25)
dz bz (Z2+Z3) —bZ7? + ZZ3)T
dr  —Zs+br (1—712)+br (22 +23)
Further, introducing the homogeneous variables by the formulas
Z =wT, Z3= uaT, (12.26)
we reduce system (12.25)) to the following form:
dugy 1 — bugt? + bug (uf + ud) 7% — u?
Tar T2 —ug + b2 (uf +ud) +b(1—72)’
duy buy (u% + u%) 72 — buyT? + ujus (12.27)
Tar TMT —ug + b72 (uf +u3) +b(1—72)’
which is equivalent to
7_dugz 1—bug +ud —u?
dr  —ug+br% (uf +u3) +b(1—72)
Tdul B 2uiug — buy (12.28)

dr — —ug+br2 (ud +u3) +b(1—72)
We establish a correspondence between the second-order system (12.28) and the nonautonomous
first-order equation

dug 1 —bug+u3 —ui

= 12.29
duq 2uiug — buq ( )

which is easily transformed to exact-differential form:

5+ uf—buy+1
d <u2 b > = 0. (12.30)
Uy
Thus, Eq. (12.29) has the first integral
2 2 b 1

vp bl C = const, (12.31)

Uy
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which in terms of the previous variables has the form
Z2+ 7% — bZysina + sin?
Z sin «

Remark 12.1. Consider system (12.13)—(12.15) with variable dissipation with zero mean (see [91]),
which becomes conservative for b = 0:

= (] = const. (12.32)

O/ = _Z37
COS &
7k = si ~- 72
3 = sinacos a sina’ (12.33)
7' = 725,
sin «
This system possesses two analytic first integrals of the form
72 + 7Z? + sin? a = Cf = const, (12.34)
Zsina = C5 = const . (12.35)

Obviously, the ratio of the two first integrals (12.34) and (12.35) is also a first integral of system (12.33).
However, for b # 0, none of the functions

Z2 + 7% — bZysina + sin® o (12.36)

and (12.35) is a first integral of system (12.13)—(12.15), but their ratio is a first integral system (12.13)—
(12.15) for any b.

Further, we find an additional first integral of the third-order system (12.13)—(12.15). First, we
transform the invariant relation (12.31) for u; # 0 as follows:

b\ 2 C1\? b +C?
— — = —1. 12.
<u2 2> + <U1 9 > 4 ( 37)
We see that the parameters of this invariant relation must satisfy the condition
b+ CE—4>0, (12.38)

and the phase space of system (12.13)—(12.15) is stratified into a family of surfaces defined by (12.37).
Thus, due to relation (12.31), the first equation of system (12.28) takes the form

Tdu2 _ 1—buz+u§—U12(Cl,u2) (1239)
dr —ug +b(1—72) 4 br? (U%(C&,uz) + u%)’ '

where
1
Ui(Cryu) = {Cl + \/012 — 4 (uf — bug + 1)} (12.40)
and the integration constant C is defined by condition (12.38), or the form of the Bernoulli equation:

dr  (b—ug)T —br3 (1 — UZ(Ch,u2) — uj)

= . 12.41
dus 1—b’LL2—|—U%—U12(01,U2) ( )
Using (12.40), we can transform Eq. (12.41) into the form of a nonhomogeneous linear equation:
dp  2(uz —b)p+2b(1—UF(Cr,u2) — u3 1
p_ 2 Op o+ 2b( L~ UiCe) oyl (12.42)
d’LLQ 1- b’LL2 + Uy — U1 (017 u2) 2

This means that we can find another transcendental first integral in explicit form (i.e., in the form
of a finite combination of quadratures). Moreover, the general solution of Eq. (12.42) depends on
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an arbitrary constant Cs. We omit complete calculations but note that the general solution of the
homogeneous linear equation obtained from (12.42) in the particular case b = C; = 2 has the form

1F /1 (ug — 1)2 B
\/1 /1= (u 1)2] , C =const. (12.43)

Remark 12.2. Formally, in the expression of the first integral thus found, we must substitute for Cy
the left-hand side of the first integral (12.31).

Then the obtained additional first integral has the following structure (similar to the transcendental
first integral from planar dynamics):

p=po(uz) =C {\/1— (ug — 1)2:1:1} exp

z3 z

In|sinal + G (sin a, > = Cy = const. (12.44)

sina’ sina
Thus, for integration of the sixth-order system (12.13)—(12.18) we already have two independent
first integrals. For the complete integration, it suffices to find one first integral for the (potentially
separated) system (12.16), (12.17) and an additional first integral that “attaches” Eq. (12.18).
To find a first integral of the (potentially separated) system (12.16), (12.17), we establish a corre-
spondence between it and the following nonautonomous first-order equation:

dz, 1+ Zf cos 31

. 12.45
dp Zy sin By ( )
After integration we obtain the required invariant relation
V1+ 22
sin ,81 3 Const; ( )
in terms of the variables Z; and Zs it has the form
VZi+ 73
=(C3= t . 12.47
7, sin fy 3 = cons ( )

Further, to find an additional first integral that “attaches” Eq. (12.18), we establish a correspon-
dence between Eqgs. (12.18) and (12.16) and the following nonautonomous equation:

dZ.

b= (1+ Z2) cos B1. (12.48)
Since, due to (12.46),
C3cos 31 = i\/C§ —1-22, (12.49)
we have 17 )
=1 (1422 \/02—1—23. 12.50
dBa Cs ( )V ( )
Integrating this relation, we obtain the following quadrature:
CsdZ,
F(B2+ Cy) = / , (4 = const. 12.51
(B2 + Cy) (14 22)\/C2 —1 - 722 4 ( )
Another integration leads to the relation
CsZ, B
Ftan(fy + Cy) = e 72 Cy = const . (12.52)
In the variables Z; and Zs, this invariant relation has the form
CsZ.
Ftan(fy + Cy) = 3 , Cy=const. (12.53)

V@ -1z -2
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Finally, we have the following form of the additional first integral that “attaches” Eq. (12.18):

CsZ, B B
arctan \/C§ g + By =C4, C4 = const, (12.54)
or

C3Z
arctan 342 + By =C4, C4=const. (12.55)

V(@ -1)22- 23

Thus, in the case considered the system of dynamical equations (11.3)—-(11.6), (11.9)—(11.14) under
condition (12.1) has eight invariant relations: the analytic nonintegrable constraint of the form (11.19)
corresponding to the analytic first integral (12.19), the cyclic first integrals of the form (11.17)
and (11.18), the first integral of the form (12.32). Moreover, there exists the first integral that can be
found from Eq. (12.42); it is a transcendental function of phase variables (in the sense of complex anal-
ysis). Finally, we have the transcendental first integrals of the form (12.46) (or (12.47)) and (12.54)
(or (12.55)).

Theorem 12.1. System (11.3)—(11.6), (11.9)—(11.14) wunder conditions (11.19), (12.1), (11.18),
and (11.17) possesses eight invariant relations (complete set), four of which are transcendental func-
tions (from the point of view of complex analysis). Moreover, seven of these eight relations are
expressed through finite combinations of elementary function.

12.3. Topological analogies. We show that there exists another mechanical and topological anal-
ogy.

Theorem 12.2. The first integral (12.32) of system (11.3)-(11.6), (11.9)-(11.14) wunder condi-
tions (11.19), (12.1), (11.18), and (11.17) is constant on phase trajectories of system (9.10)—(9.15).

Proof. Indeed, the first integral (12.32) can be obtained by a change of coordinates by means of (12.31),
whereas the first integral (9.31) can be obtained by a change of coordinates by means of (9.30). But
relations (12.31) and (9.30) coincide. The theorem is proved. ||

Thus, we have the following topological and mechanical analogies in the sense explained above:

(1) motion of a free rigid body in a nonconservative field with a tracing force (under a nonintegrable
constraint);

(2) motion of a fixed physical pendulum in a flow of a running medium (a nonconservative field);

(3) rotation of a rigid body about the center of mass, which, in turn, moves rectilinearly and
uniformly in a nonconservative field.

For more general topological analogies, see also [91].

13. Case Where the Moment of a Nonconservative Force
Depends on the Angular Velocity

13.1. Introduction of the dependence on the angular velocity and the reduced system.
In this chapter, we continue to study the dynamics of a four-dimensional rigid body in four-dimensional
space. The present section, like the analogous section of Chap. 2, is devoted to the study of motion
in the case where the moment of forces depends on the tensor of angular velocity. Thus, we introduce
this dependence as in the previous chapter. This also allows us to introduce this dependence for
multi-dimensional bodies.

Let © = (x1n,Zan, Z3N, T4n) be the coordinates of the application point N of the nonconservative
force (influence of the medium) on the three-dimensional disk and let @ = (Q1,Q2, @3, Q4) be the
components of the force S of the influence of the medium independent of the tensor of angular velocity.
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We consider only the linear dependence of the function (z1x, zon, 3N, Z4n) on the tensor of angular
velocity since this introduction itself is not obvious (see [14, 15]).
We adopt the following dependence:
r=Q+R, (13.1)
where R = (Ry, Ry, R3, Ry4) is a vector-valued function containing the components of the tensor of
angular velocity. The dependence of the functions R on the components of the tensor of angular
velocity is gyroscopic:

R 0 —Wwg Wy —Ws hy
Ry 1 we 0 —W4 W2 ho
= = — 13.2
R Ry v | —ws  wa 0 —w hs |’ (13.2)
R4 w3 ) w1 0 h4

where (h1, he, h3, hy) are some positive parameters (cf. [91]).
Since z1ny = 0, we have

$2N:Q2—h1f}6, 9C3N=Q3+h1u;5, 334N:Q4—h1u;3- (13.3)
As in to the choice of the Chaplygin analytic functions (see [16, 17]),
Q2 = Asin « cos [,
Q3 = Asin asin 8 cos s, (13.4)
Q4 = Asin asin f sin 5o,
where A > 0, and we select the dynamical functions s, xaon, T3y, and z4n in the following form:
s(a) = Beosa, B > 0,

Q
ToN <a,,61,,82, v> = Asin a cos 3y —haf, h=hy >0, v#0,

Q L ws (13.5)
T3N a,ﬂl,ﬁg,v :Asmasmﬁlcosﬂg—l—hv, h=hy >0, v#0,

w3

T4N (%51,52,2) = Asinasinfysin By — h Y h=hy >0, v#0.

This shows that in this problem, there is an additional damping (but accelerating in certain domains of
the phase space) moment of a nonconservative force (i.e., there is a dependence of the moment on the
components of the tensor of angular velocity). By the dynamical symmetry of the body, hy = hy = hy.

The functions T, (o, 81, B2, Q2/v), A, (a, p1, B2, Q2/v), and O, («, 1, F2,/v) in system (11.35)—
(11.40) have the following form:

Fv <a75175279> = Asina — hz37
v v
Q h
Av <a7617627 > = 22, (136)
v v
Q h
91) <a7517527 > = - 2.
v v

By conditions (11.19) and (13.5), the transformed dynamical part of the equations of motion (sys-
tem (11.34)—(11.40)) becomes the following analytic system:

v =0V (a, B, B, Z), (13.7)
o =—Z3+b (212 + 72+ 232) sin a + bsin o cos® o — bH, Z3 cos® a, (13.8)
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COS «x

Z4 =sinacosa — (1 + bHy) (212 + Z22) N +bZ3 (Z12 + 73 + Zg) cos a — bZ3sin? arcos

sin (13.9)
+ leZ;% sinacos a — HyZ3 cos a,
CoS COS (v COS
Zh=(1+bHy) ZoZ5 .+ (1+bH))ZE . b + b2y (Z3 + Z3 + Z3) cosa
sin «v sin « sin (13.10)
—bZy sin? v cos o + bHZ5Z3sin o cos o« — Hy Zs cos a,
2 = (14 bHy) 21255 = (1 4 bHy) 202,55 P Lz (22 + 72 + Z3) cos a
sin « sin « sin 5q (13.11)
— bz sin® avcos o + bH,Z Z3sina cos o — HyZq cos a,
L= (L+bH) Zy ¢ 13.12
Bh= (b Z (13.12)
J=—(1+bH)z  °° 13.13
P2 (1+bH:) lsinasinﬁl’ ( )
where
U(a, f1,P2,Z) = —b (212 + Z2 + Zg) cos a + bsin? avcos a — bH1 Z3 sin o cos «;
as above, the dimensionless parameters b and H; and the constant ny are chosen as follows:
AB Bh
ong, Ty 2, 1 2L,no’ np =ng ( )
Thus, system (13.7)—(13.13) can be considered on its seven-dimensional phase manifold
Wi = R {v} x TS3{Zl, Ty Zg, 0<a<m 0<f<m 0<f< 27r}, (13.15)

i.e., on the direct product of the number half-line and the tangent bundle of the three-dimensional
sphere S3{0 < a <7, 0< By <m, 0< By <27}

We see that the seventh-order system (13.7)-(13.13) contains the independent sixth-order sys-
tem (13.8)—(13.13) on its own six-dimensional manifold.

For complete integration of system (13.7)—(13.13), in general, we need six independent first integrals.
However, after the change of variables

<2> — <ZZ> . Z= \/212 + 723, Z.=Zy]7, (13.16)
system (13.8)—(13.13) splits as follows:
of =—Z3+b (Z2 + Z??) sina + bsin avcos? o — bH, Z3 cos® a, (13.17)

Zs =sinacosa — (1 + bHy) 7265 bZs (Z* + Z3) cos e — bZ3 sin® a cos v
sin « (13.18)
+bH1Z§ sin «cos « — Hy Z3 cos a,

7' = (1+bH,) Zch.osoz +bZ (22 + Z??) cosa — bZ sin? awcos o + bH1 Z Zs sin o cos a« — Hy Z cos a,
sin «
(13.19)
70 = (£) (1 + bHy) 21 + 7250 @ C0sP (13.20)

sin o sin 31’
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47, coso

A1 = () (1+bH) 1+ 72 sina’ (13.21)
, Z cos
By = (F) (1 +bH; (13.22)

) \/1 + Z2sinasin By

We see that the sixth-order system splits into independent subsystems of lower orders: sys-
tem (13.17)-(13.19) of order 3 and system (13.20), (13.21) (after the change of the independent
variable) of order 2. This, for the complete integrability of system (13.7), (13.17)—(13.22), it suf-
fices to specify two independent first integrals of system (13.17)—(13.19), one first integral of sys-
tem (13.20), (13.21), and two additional first integrals that “attach” Egs. (13.22) and (13.7).

Note that system (13.17)-(13.19) can be considered on the tangent bundle 7'S? of the two-
dimensional sphere S2.

13.2. Complete list of first integrals. System (13.17)-(13.19) has the form of a system of equa-
tions that appears in the dynamics of a three-dimensional (3D) rigid body in a nonconservative field.

Note that, by (11.19), the value of the velocity of the center of mass is a first integral of sys-
tem (11.26)—(11.32) (under condition (11.21)); namely, the function of phase variables

Wo(v, o, B1, B2, 21, 22, 23) = v2 + 02 (z% + 22 + zg) — 20z3vsina = V2 (13.23)

is constant on phase trajectories of this system (the values of zj, 23, and z3 are taken by virtue
of (11.25)).

Due to the nondegenerate change of the independent variable (for v # 0), system (13.7), (13.17)—
(13.22) also possesses an analytic integral, namely, the function of phase variables

(v, 0, B1, B2, Z, Zs, Z3) = v* (1 +b* (22 + Z3) — 2bZ3sina) = V3 (13.24)

is constant on phase trajectories of this system.

Equality (13.24) allows one to find the dependence of the velocity of the characteristic point
of the rigid body (the cemter D of the disk) on the other phase variables without solving sys-
tem (13.7), (13.17)—(13.22); namely, for Vo # 0 we have

V2
2 C
= . 13.25
Y 14 b2 (Zz—l—Z%) — 2bZ3sina ( )
Since the phase space
Wy =R {v} x Ts3{z, Zuy 73, 0<a<m 0<f<m, 0<f< 27r} (13.26)

of system (13.7), (13.17)-(13.22) has dimension 7 and contains asymptotic limit sets, we see that
Eq. (13.24) determines the unique analytic (even continuous) first integral of system (13.7), (13.17)-
(13.22) on the whole phase space (cf. [38, 91]).

We examine the existence of other (additional) first integrals of system (13.7), (13.17)-(13.22). Its
phase space is stratified into surfaces

{(1),04,,81,,82,2, Zy, Z3) € Wy : Vo = const }; (13.27)
the dynamics on these surfaces is determined by the first integrals of system (13.7), (13.17)—(13.22).

857



First, we establish a correspondence between the independent third-order subsystem (13.17)-(13.19)
and the nonautonomous second-order system

dZs Ro(ov, Z, Z3)
da — —Z3+b (Z2 + Z§) sina + bsin accos?2 o« — bH Z5 cos? o
4z Ri(a, Z, Z3)
doa —Z3+b (Z2 + Z§) sina + bsin accos?2 o« — bH Z5 cos? o
Ro(ov, Z, Z3) = sinacos a + bZ3 (22 + Z??) cos o — bZs sin® o cos a (13.28)

- (14 le)ZQC,Osa + leZ§ sin«cos o« — HqZ3 cos
sin «v
Ri(a, Z,Z3) =bZ (22 + Zg) cos o — bZ sin® avcos a

+(1+ le)Zch,Osa + bHZ Z3sin o cos o« — Hy Z cos a.
sin a

Using the substitution 7 = sin «v, we rewrite system (13.28) in algebraic form

dZy _ T+ b2 (27 + Z3) = bZsm* — (1+bH1)Z? /7 + bH1 Z3T — H\Zs3

dr —Z3+br (1 —712)+ b1 (22 + Z3) — bH1Z5 (1 — 72) ’ (13.29)
dz bz (Z2+Z3) —bZy7* + (1 + bH ) ZZ3 )7 + bH\Z ZsT — H1 Z '
dr —Z3+br (1 —72)+ b1 (22 + Z2) — bH1Z3 (1 — 72)
Further, introducing homogeneous variables by the formulas
Z =T, Z3 = usT, (13.30)
we transform system (13.29) into the following form:
dus 1 —bust? + bug (u? +uj) 7% — (14 bHy)uf — Hiug + bH u3r?
T tuz= 2 .2 2 2 ’
dr —ug +b72 (u} +ud) +b(1 —72) — bHyug (1 — 72) (13.31)
duy buy (u% + u%) 72 — bur7? + (1 4+ bHy)uyug — Hiug + bHyujus '
T U= 2,2 ’
dr —ug + b72 (u} +u3) +b(1 —72) — bHyus (1 — 72)
which is equivalent to
Tdu2 . 1—(b—|—H1)uQ—|—(1—|—bH1)u%—(1—|—bH1)u%
dr —ug+br? (uf +u3) +b(1 — 72) — bHyug (1 — 72)’ (13.32)
Tdul . 2(1+bH1)'LL1'LL2—(b+H1)'LL1 '

dr —up+ b7 (uf +u3) +b(1 —72) — bHyug (1 — 72)

We establish a correspondence between the second-order system (13.32) and the first-order nonau-
tonomous equation
dupy 1= (b+ Hy)uz + (1+bHy)uj — (1 + bHy)ui

) 13.33
dul 2(1 + le)u1u2 — (b + Hl)ul ( )
which can be easily transformed into exact-differential form:
2 2 _
Uy
Therefore, Eq. (13.33) has the first integral
1+ bHy)ud + (1 +bHy)u? — (b+ H 1
(1 bHyJuz + (L+bELJuy — (b+ HnJup +1 _ (o (13.35)

Uy
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which in terms of the previous variables has the form
(14+bH)Z2 + (1 +bH,)Z? — (b+ Hy)Z3sina + sin a
Z sin «
Remark 13.1. Consider system (13.17)—(13.19) with variable dissipation with zero mean (see [91]),
which becomes conservative for b = Hy:
o =—Z5+0b (22 + Z??) sina + bsina cos® o — b*Z3 cos® a,

Z{J, =sina cosa — (1 +b2) ch?sa
S

= C} = const. (13.36)

o + bZ3 (Z2 + Zg) cos o — bZs sin? o cos

+ b?Z2 sin o cos o — bZ3 cos a,

7 = (1 + b2) Z 7y (sjiojz + b7 (Z2 + Zg) cos a — bZ sin? avcos o + b2 Z Zs sin o cos a« — bZ cos av.
(13.37)
It possesses two analytic first integrals
(1+%) (23 + Z%) — 2bZ3sina + sin® @ = C} = const, (13.38)
Zsina = C5 = const . (13.39)

Obviously, the ratio of the two first integrals (13.38) and (13.39) is also a first integral of system (13.37).
However, for b # Hj, neither of the functions

(1+bHy) (Z§+Z2) — (b+ Hy)Z3sina + sin® o (13.40)

and (13.39) is a first integral of system (13.17)—(13.19), but their ratio is a first integral of sys-
tem (13.17)-(13.19) for all b and H;.

We find the explicit form of an additional first integral of the third-order system (13.17)—(13.19).
For this purpose, we transform the invariant relation (13.35) for u; # 0 as follows:

b+ Hy > Ch 2 (b—H|)24+C2—4
- - = . 13.41
<“2 2(1 + bH1)> - 2(1+bH,) 4(1 + bH,)? ( )
We see that the parameters of this invariant relation must satisfy the condition
(b—H)*+C?—4>0, (13.42)

and that the phase space of system (13.17)—(13.19) is stratified into the family of surfaces determined
by Eq. (13.41).
Thus, by relation (13.35), the first equation of system (13.32) has the form

_dus 1= (b4 Hi)us + (14 bHi)uj — (14 bH)UF(C1, us) (13.43)
dr  —up+b(1—72) + b2 (UH(Ch,u2) + u3) — bHyus (1 — 72)’ '

where
1
Ui(Cr,us) = ) {Cl + \/012 —4(1+bHy) (1= (b+ Hy)ug + (1 + le)ug)} (13.44)

and the integration constant C is defined by condition (13.42) or the form of the Bernoulli equation:

dr (b— (1 +bHy)ug)T — b73 (1 — UE(Cy,ug) — u2 — H1’LL2)

= . 13.45
dus 1—(b+ Hi)ug + (1 +bHy)ud — (1 4+ bH,)UZ(Ch, uz) ( )
Using (13.44), we can easily transform Eq. (13.45) into a nonhomogeneous linear equation
dp  2((L4bHi)uy —b)p+2b (1 — Hiug —u3 — UL (Cr,u 1
p2(( 1)uz — b)p ( 1ug — uy — U (C1, uz)) b (13.46)

72

duy 1= (b+ Hy)ug + (1 +bHy)ud — (1 + bH1)UZ(Cy,uz)
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This means that there exists another transcendental first integral in explicit form (i.e., through a finite
combination of quadratures). Moreover, the general solution of Eq. (13.46) depends on an arbitrary
constant C5. We omit the complete calculations but note that the general solution of the homogeneous
linear equation obtained from (13.46) in the particular case

1—Af

b—H{| =2 0=
| =2 G 1+ A%

1
Ar=,(b+ H)

has the following solution:

+A% Al
VO AA (1 — Agup)? + ¢y [P/

VO3 —443(1 — Ajup)? 7 Oy
2(A; — b)
(1 + A%) Al(AlUQ — 1)’

p =po(uz) = C[1 — A1u2]2/(1+A411)

X exp C = const. (13.47)
Remark 13.2. Formally, in the expression of the first integral thus found, we must substitute for Cy
the left-hand side of the first integral (13.35).

Then the additional first integral obtained has the following structure (similar to the transcendental
first integral from planar dynamics):

Zs 7

In|sina| + Gy | sine, .7, .
sina’ sina

> = (' = const . (13.48)
Thus, for the integration of the sixth-order system (13.17)—(13.22) we already have two independent
first integrals. For the complete integrability, as was noted above, it suffices to find one first integral
for the (potentially separated) system (13.20), (13.21) and an additional first integral that “attaches”
Eq. (13.22).
To find the first integral of the (potentially separated) system (13.20), (13.21), we establish a
correspondence between it and the following nonautonomous first-order equation:

dZ, 1+ Zf cos 1

. 13.49
dpy Z, sinpy ( )
After integration, this leads to the required invariant relation
V1+ 22
* = = t 13.
sin C3 = const, (13.50)
which in terms of the variables Z; and Z5 has the form
V2t + 73
=(C5 = t. 13.51
Zl sin ﬁl 3 cons ( )

Further, to find an additional first integral that “attaches” Eq. (13.22), we establish a correspon-
dence between Eqgs. (13.22) and (13.20) and the following nonautonomous equation:

dZ.

=—(1+ 22 . 13.52
by (1+ Z7) cos B (13.52)
Since, by (13.50),
Cyeos fy = +1/CF —1- 22, (13.53)
we have
dZ 1
Y= 1+ 2%),/C2-1- z2. 13.54
1, = Fo, 1+22)/CE-1- 23 (18.54)
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Integrating this relation, we obtain the following quadrature:

CsdZ,
+Cy) = / , C4 = const. 13.55
F(B2 + Cy) (1472 JC2 -1 72 4 ( )
Another integration leads to the relation
C3Z, B
Ftan(fe + Cy) = e 1oz C4 = const . (13.56)
In terms of the variables Z; and Zs, this invariant relation becomes
CsZ.
Ftan(fy + Cy) = sz C4 = const . (13.57)

V(-1 22— 2
Finally, we have the additional first integral that “attaches” Eq. (13.22):

CsZ, B B
arctan \/Cg g + By =Cy, (4= const (13.58)
o 47
arctan 342 + B8y =0C4, C4=const. (13.59)

@G-z -2
Thus, in the case considered, the system of dynamical equations (11.3)—(11.6), (11.9)—(11.14) under
condition (13.5) has eight invariant relations: the analytic nonintegrable constraint of the form (11.19)
corresponding to the analytic first integral (13.23), the cyclic first integrals of the form (11.17)
and (11.18), the first integral of the form (13.36); moreover, there is a first integral that can be found
from Eq. (13.46) (it is a transcendental function of phase variables in the sense of complex analysis),
and, finally, transcendental first integrals of the form (13.50) (or (13.51)) and (13.58) (or (13.59)).

Theorem 13.1. System (11.3)—(11.6), (11.9)—(11.14) wunder conditions (11.19), (13.5), (11.18),
and (11.17) possesses eight invariant relations (complete set), four of which are transcendental func-
tions (from the point of view of complex analysis). Moreover, at least seven of these eight relations
are expressed through finite combinations of elementary functions.

13.3. Topological analogies. We show that there exists another mechanical and topological anal-
ogy.

Theorem 13.2. The first integral (13.36) of system (11.3)—(11.6), (11.9)—(11.14) wunder condi-
tions (11.19), (13.5), (11.18), and (11.17) is constant on phase trajectories of system (10.14)—(10.19).

Proof. Indeed the first integral (13.36) can be obtained by a change of coordinates by means of
relation (13.35), whereas the first integral (10.35) can be obtained by a change of coordinates by
means of relation (10.34). But relations (13.35) and (10.34) coincide. The theorem is proved. ||

Thus, we have the following topological and mechanical analogies in the sense explained above:

(1) motion of a free rigid body in a nonconservative field with a tracing force (under a nonintegrable
constraint);

(2) motion of a fixed physical pendulum in a flow of a running medium (nonconservative field);

(3) rotation of a rigid body about the center of mass that moves rectilinearly and uniformly in a
nonconservative field.

On more general topological analogies, see also [91].
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